Revista Integracion
Escuela de Matematicas
Universidad Industrial de Santander
Vol. 30, No. 2, 2012, pag. 151-226

Bifurcation for an elliptic problem with
nonlinear boundary conditions

RosA PARDO*
Universidad Complutense de Madrid, Departamento de Mateméatica Aplicada, 28040,
Madrid, Spain.

Abstract. This paper gives a survey over bifurcation problems for elliptic
equations with nonlinear boundary conditions depending on a real parame-
ter. We consider an elliptic equation with a nonlinear boundary condition
which is asymptotically linear at infinity and which depends on a param-
eter. As the parameter crosses some critical values, there appear certain
resonances in the equation producing solutions that bifurcate from infinity.
We study the bifurcation branches, and characterize when they are sub- or
supercritical. Furthermore, we apply these results and techniques to obtain
Landesman-Lazer type conditions guarantying the existence of solutions in
the resonant case and to obtain a uniform Anti-Maximum Principle and sev-
eral results related to the spectral behavior when the potential at the bound-
ary is perturbed. We also characterize the stability type of the solutions in
the unbounded branches.

In the remainder of this paper, we start our analysis on a sublinear oscillatory
nonlinearity. We first focus our attention on the loss of Landesman-Lazer type
conditions, and even in that situation, we are able to prove the existence of
infinitely many resonant solutions and infinitely many turning points.

Next we focus our attention on stability switches. Even in the absence of res-
onant solutions, we are able to provide sufficient conditions for the existence
of sequences of stable solutions, unstable solutions, and turning points.

We also discuss on bifurcation from the trivial solution set, and on a sublinear
oscillatory nonlinearity.

Finally, we states a formula for the derivative of a localized Steklov eigenvalue
on a subset of the boundary, with respect to tangential variations of that
subset.
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152 R. PARDO

Bifurcacion para un problema eliptico con condiciones
de frontera no lineales

Resumen. Este articulo presenta un estudio sobre bifurcaciéon para problemas
elipticos con condiciones de frontera no-lineales. Consideramos una ecuacién
eliptica con condiciones de frontera no-lineales dependiendo de un parametro.
Supondremos que el término no lineal es asintéticamente lineal en el infinito.
Cuando el parametro cruza ciertos valores criticos (conocidos como los auto-
valores de Steklov) aparece un fend6meno de resonancia en la ecuacion, lo que
garantiza la existencia de ramas no acotadas de soluciones. Este fen6meno
se conoce como bifurcacion desde infinito. Estudiamos las ramas de solu-
ciones y caracterizamos cuando son subcriticas (a la izquierda del autovalor)
o supercriticas (a la derecha del autovalor). Aplicamos estos resultados para
obtener condiciones del tipo Landesman-Lazer, que garantizan la existencia
de soluciones para el problema resonante (cuando el parametro coincide con el
autovalor). Obtenemos también un Principio del Anti-Méximo, y resultados
relativos al comportamiento espectral, cuando se perturba el potencial en la
frontera. Ademas caracterizamos el tipo de estabilidad de las soluciones en
dichas ramas no acotadas.

En el resto del articulo, analizamos no linealidades oscilatorias y sublineales.
Centramos nuestra atencion en la pérdida de condiciones del tipo Landesman-
Lazer. Incluso en esta situacion, demostramos la existencia de una sucesiéon de
infinitas soluciones del problema resonante y una sucesiéon de infinitos puntos
de retroceso.

A continuacién, analizamos los cambios de estabilidad. Incluso en ausencia de
soluciones resonantes, proporcionamos condiciones suficientes para la existen-
cia de una sucesion de infinitas soluciones estables, una sucesion de infinitas
soluciones inestables y una sucesion de infinitos puntos de retroceso.

También analizamos la bifurcacion desde la solucion trivial con una no-
linealidad de tipo sublineal y oscilatorio.

Finalmente establecemos una foérmula para la derivada del autovalor de
Steklov localizado sobre un subconjunto de la frontera, con respecto a varia-
ciones tangenciales del subconjunto.

Palabras claves: Bifurcacion en el infinito, estabilidad, inestabilidad, multipli-
cidad, resonancia, puntos de inflexion.

1. Introduction

In the last two decades a lot of attention has been payed to problems with nonlinear
boundary conditions (see for instance [5] and references therein for parabolic problems
with nonlinear boundary conditions with critically growing non-linearities). It is a natural
question to analyze the dynamics and bifurcations induced by the nonlinear boundary
conditions, and compare its effects with the case of an interior reaction term, which has
been more widely studied. In this direction (see for example [6]) it is considered the

[Revista Integracion



Bifurcation for an elliptic problem with nonlinear boundary conditions 153

existence of patterns for such problems, i.e., stable nontrivial equilibrium, see also the
references therein for some previous and related results.

In this paper we consider the evolutionary equation of parabolic type with nonlinear
boundary conditions depending of a parameter A\ € R

u—Aut+u = 0, inQ, t>0,
0
8_u = Au+g(x,u), on 00, t > 0, (1)
n
w(0,2) = wup(x), in Q

in a bounded and sufficiently smooth domain Q C RY with N > 2. We analyze the be-
havior and stability properties of the equilibrium solutions. These equilibria are solutions
of the following elliptic problem

{ —Au+u = 0, in €,
ou (2)
o Au+ gz, u), on ON.

This paper presents in a unified manner some of the recent work in this field. We
concentrate our attention mostly, but not only, in [7, 8, 9, 11, 12, 29]. All the results
presented here are essentially available for ¢ = g(\, z,u), and in fact, in the references
mentioned are written for such a nonlinearity g. We decide to present this survey for
g = g(x,u) by the shake of briefness. We send to those references for the interested
reader.

The main hypothesis on the nonlinearity g is the sublinearity at infinity with respect to
the variable u. We assume, roughly speaking, that |g(x,u)| = o(|u]) as |u| — oo. Hence,
the boundary condition is asymptotically linear at infinity, since the dominant term
for large values of |u| is the linear term Au. This condition means that in the boundary
condition, the dominant term for |u| large is the linear term Au. In this respect we call this
boundary condition asymptotically linear. This includes the case where g(x,u) = g(z).

It is well known that problem (2) has a (unique) solution if A is not an eigenvalue of the
problem

-Ad+P = 0, in €,
8—(1) = 09, on 0f). (3)
on

This eigenvalue problem is known as the Steklov eigenvalue problem and it is well known
that (3) has a discrete set of eigenvalues {0;}52,. These numbers play an essential role
in the analysis below. In particular, for A & {0;}$2;, we consider the operator T\ such
that T\b := v, where v is the unique solution of

—Av+v = 0, in Q,
@ — v = b, on 0f). (4)
on

for a function b given on 0f2.

The norm of the operator T), for compact sets of A far from the Steklov eigenvalues, is
uniformly bounded, in some appropriate spaces. This fact joint with the sublinearity of
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154 R. PARDO

the function g, allow us to show, by a fixed point argument, the existence of at least a
solution of (2) for any A not an Steklov eigenvalue. Moreover, all solutions are uniformly
bounded for A in compact intervals far from the Steklov eigenvalues (see Theorem 2.7).

On the other hand, when the parameter A approaches an Steklov eigenvalue, the norm
of the operator T diverges to co. This fact is a first hint of the possibility of finding un-
bounded branches of solutions and reveals the resonant mechanism at the boundary that
produces such large solutions. For instance, when g = 0 the structure of the solutions
of the problem (2) is well known: if A is not an Steklov eigenvalue, the only solution is
the trivial solution and if X\ is an Steklov eigenvalue, the whole space of eigenfunctions
associated to that eigenvalue are solutions of the elliptic problem which can be regarded
as unbounded branches of solutions. For the case where ¢ is sublinear at infinity, we
will apply general techniques of bifurcation theory (see [15], [30], [31]) and will prove
the existence of unbounded branches of solutions whenever the parameter \ approaches
an Steklov eigenvalue of odd multiplicity (see Theorem 2.10). Moreover, since the first
Steklov eigenvalue is simple, we will show the existence of unbounded branches of solu-
tions bifurcating from the first eigenvalue. The fact that the first Steklov eigenfunction
does not change sign will give us extra information that will permit us to analyze this
branch of solutions in detail. In particular, we will show the existence of two branches
of solutions one counsisting of positive solutions and the other negative solutions (see
Theorem 2.11).

This problem has already been studied in [7, 8] where we analyzed the existence of
unbounded sets of solutions as well as their stability and some of the dynamical properties
of the associated parabolic problem. This analysis was carried over assuming that the
nonlinear term is sublinear at infinity. This assumption, by a mechanism of parametric
resonance at the boundary, produces unbounded branches of solutions when A approaches
one of the Steklov eigenvalues of odd multiplicity. These branches bifurcate from infinity
in the sense of [31, 30].

The set of solutions bifurcating at o1, the first Steklov eigenvalue, is made up of large
positive solutions or large negative solutions (or both). We will denote by D C Rx C(Q)

(resp. D~ C R x C(Q)) the branch of positive, (resp. negative) solutions bifurcating at
o1. As a matter of fact, the solutions in D¥, can be described as

u=sP; +w, where  w = o|s]) as [s| = oo; (5)
see Theorem 2.10.

Hereafter we will concentrate on the positive unbounded branch, D bifurcating at oy.

The case for D~ is completely analogous.

In fact, for some continuum of solutions of (2), that we denote by uy, we have that
_w@) — 4P (z), in CPQ) as A — o, (6)

[uall L= (a0)

for some 0 < 8 < 1 and where ®;(x) > 0 denotes the first positive Steklov eigenfunction,
normalized in L>®(9N); see Corollary 3.2 in [7]. The choice of the sign depends on
whether the subbranch is made of positive or negative equilibria. Note also that ®; is
strictly positive in Q. In particular, from this we have

inf |uy(z)] = 00, as A — o;. (7)
€N

[Revista Integracion



Bifurcation for an elliptic problem with nonlinear boundary conditions 155

On the other hand, for A far away from the Steklov eigenvalues, the set of solutions of (2)
is nonempty and bounded in , uniformly in A. Also, as A — o7 equilibrium solutions
that do not satisfy (6), remain bounded in 2.

In the terminology of Bifurcation Theory, we say that, as A — o7, the unbounded
branches of solutions of (2), uy, bifurcate from infinity, and that there exists a bifurcation
from infinity at oq; cf. [31].

We proceed further in analyzing the structure and properties of unbounded branches of
solutions of the elliptic problem (2) and on the global dynamics of the parabolic problem
(1), when A crosses ¢1. One important question is whether the bifurcating branch DT is
subcritical or supercritical. That is, if it is formed only with solutions (u) with A < o1 or
A > o7 respectively.

To analyze this question, a condition on sublinearity of g is not enough to distinguish
between the type of bifurcation and to accomplish this we will need to specify the precise
asymptotics of the function g at infinity. For instance, if we consider that the function
g behaves like alu|® as u — +oo, we can easily see that the sign of a will determine
whether the bifurcation of positive solutions emanating from the first eigenvalue is sub
or supercritical. For this, if 0 < u,, — oo is a solution of (2) for A\,, — o1, multiplying the
equation by the first Steklov eigenfunction ®; > 0 and integrating by parts we obtain

(o1 — /\n)/ U, P ds = / g(x, u, )P ds.
o0 o0

But since u,, > 0 and u,, — oo, then

/ Up Py dg > 0, / g(x, u, )P ds =~ a/ |tn|*®1ds,
le) 0 a0

and the sign of o1 — A, is the same as the sign of a. Hence, if a > 0 the bifurcation of
positive solutions will be subcritical and if a < 0, it will be supercritical (see Theorem
2.14 for a more general statement).

The Mazimum Principle states a sign preserving property for the solutions of linear
elliptic problems

—Au = I+ f(z), in Q, (8)
u = 0, on 02,

when the parameter is less than the first eigenvalue: positive data f > 0, gives positive
solution u > 0.

The Anti-Maximum Principle states a sign reversing property when the parameter crosses
the first eigenvalue but still remains close to it: positive data f > 0, gives negative solu-
tion u < 0. In [13] Clement and Peletier prove the well known Anti-Maximum Principle
for an elliptic problem with Dirichlet boundary conditions. In [3] Arcoya and Gamez
generalize this result for the same problem, relaxing the hypothesis. It will be enough
that fQ fip1 > 0, where @1 > 0 is the first eigenfunction

_AS"l = /\9017 in Qu
{ u = 0, on 0f). (9)

In [4] Arcoya and Rossi analyze the Anti-Maximum Principle for quasilinear problems.
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In Section 3 we state and prove a uniform Anti-Maximum Principles for the problem (4)
for varying potentials.

We will also show that some stability or instability of such solutions can be derived.
We give conditions, which involve a more detailed knowledge of the behavior of the
nonlinear term as |u| — oo, which imply that the unbounded branch of positive equilibria
is subcritical, unique and stable (see Theorem 4.5). In an almost exact complementary
situation, we also show that the unbounded branch of positive equilibria is supercritical,
unique and unstable (see Theorem 4.6).

Another interesting question is that of the resonant problem, that is when A\ = o1. For
this case, we obtained in Theorem 5.1 of [7] some Landesman-Lazer type conditions
guaranteeing that the resonant problem has solution; cf. [26]. In the language of bifurca-
tion, these type of conditions can be stated as: if all the unbounded branches are either
subcritical or supercritical then the resonant problem has at least one solution.

Therefore, in this paper we also consider nonlinearities sublinear and oscillatory. We hope
to translate this oscillatory character of the nonlinear term at infinity, into an oscillatory
behavior of the bifurcating branches. Observe that in this situation, both the criteria for
sub/super criticality and the Landesman—Lazer type conditions do not hold.

In such a situation our goal is threefold: first we give easy—to—check conditions on the
nonlinear term, guaranteeing that in DT there are large subcritical and supercritical
solutions.

Second, the connectedness of DT, suggests that we would be able to find an unbounded
sequence of turning points, which are defined as

Definition 1.1. A solution (A\*,u*) of (2) in the branch of solutions D C R x C(f) is
called a turning point if there is a neighborhood W of (A*,v*) in R x C(2) such that,

either W N DT C [A,00) x C(Q) or WNDT C (—o0,\| x C(Q).

Note that, generically, in a neighborhood of a turning point there are, at least, two
solutions for the same value of the parameter at one side, either A\ < \*, or either for
A > A*. Therefore, turning points are related with multiplicity of solutions.

Third, the connectedness of DT, suggests that we would be able to find an unbounded
sequence of resonant solutions. Let us remark that this result on infinitely many resonant
solutions is attained when the Landesman-Lazer conditions do not hold.

The paper is organized in the following way. In Section 2 is stated the framework and
the bifurcation from infinity results. Specifically, it contains Theorem 2.7 on existence of
bounded solutions, Theorem 2.10 on bifurcation from infinity, Theorem 2.11, Theorem
2.14, and Theorem 2.16 on bifurcation from infinity from a simple eigenvalue, from the
first and from higher eigenvalues respectively.

In Section 3 is stated an Anti-Maximum Principle and also a uniform Anti-Maximum
Principle (see Theorem 3.1 and Theorem 3.4 respectively).

Section 4 is devoted to the stability analysis of the solutions, see Theorem 4.5, Theorem
4.6, on the stability (unstability) of the solutions in the unbounded branch.

In Section 5 we discuss on the resonant case, see Theorem 5.1 on Landesman—Lazer type
conditions providing the existence of at least a resonant solution. We start our analysis
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Bifurcation for an elliptic problem with nonlinear boundary conditions 157

on a sublinear oscillatory nonlinearity, focusing firstly our attention on the existence of
infinitely many resonant solutions and infinitely many turning points (see Theorem 5.6).

In Section 6 we continue with our study of sublinear oscillatory nonlinearity, now focusing
our attention on stability switches, concretely Theorem 6.1 and Theorem 6.5 provides
sufficient conditions for the existence of infinitely many turning points, possibly without
resonant solutions.

In Section 7 we discuss on bifurcation from the trivial solution set (see Theorem 7.1).
See also Theorem 7.3 and Theorem 7.4 on oscillatory nonlinearity sublinear at zero.

Finally, Section 8 states a formula for the derivative of a localized Steklov eigenvalue
with respect to tangential variations. We end this paper with bibliographical notes.

2. Bifurcation from infinity

To start with, by solutions to (2) we mean elements u € H'(Q2) such that the weak
formulation holds, i.e.

/ (Vu - Vo +w) dx = /\/ uvdo—|—/ g(x,u)vdo for all ve HY(Q). (10)
Q aQ a0

We will show that, as A\ approaches some eigenvalue, there exists an unbounded branch
of solutions of (2), uy. As stated in Theorem 2.10, due to (H2) there exists a connected
set of positive solutions of (2). We denote it by DT C R x C(Q), and recall that for
()\, UA) e Dt

u=s®; +w, with w=o0(|s]) and |o1— A =0(1) as|s|— oc.

The set D is known as a branch bifurcating from infinity in the sense of Rabinowitz (cf.
31, 7)).

In the terminology of Bifurcation Theory, there is a branch of solutions bifurcating from
infinity (see [31]).

There are many works studying bifurcation from infinity for related problems (cf. [30, 31]
for an abstract framework). A similar analysis for the case of an interior reaction term
was first established in [3].

This section is organized as follows. In Subsection 2.1 we formulate the problem and
show the existence of solutions for all values of the parameter A different from the Steklov
eigenvalues. To accomplish this, we analyse the associated linear problem, stating and
proving several important regularity results. Then, we formulate the nonlinear problem
(2) as a fixed point problem in certain function space on the boundary. Finally, the
compactness results obtained through the regularity results and the Schaeffer fixed point
theorem will show the existence of solutions.

In Subsection 2.2 we apply bifurcation results, mainly from [30, 31], to show the existence
of unbounded branches of solutions bifurcating from the Steklov eigenvalues (see Theorem
2.10). We pay special attention to the bifurcations emanating from simple eigenvalues
(see Theorem 2.11).
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158 R. PARDO

In Subsection 2.3 we give conditions on the nonlinearity g that allows us to characterize
the type bifurcations, sub or supercritical.

Finally, we also consider the one dimensional case, that is, where the equation (2) is
possed in 2 = (0,1) C R.
2.1. Setting of the problem

Throughout this paper we will assume:

(H1) g: 092 xR — R is a Carathéodory function (i.e. g = g(z, s) is measurable in x € Q,
and continuous with respect to s € R). Moreover, there exist G; € L"(99) with
r > N — 1 and a continuous function U : R — RT, satisfying

llg(z,s)] < G1(x)U(s), V(z,s) € 00 x R,

im 2 _o,
|s| 200 S

which in turn it implies that

lim sup
|s]—o0

M‘—m,

that is, the function g is sublinear at infinity in the variable s.

In this Subsection we rewrite equation (2) as a fixed point problem in appropriate function
spaces and analyze the existence of solutions for all A € R except for a discrete set, the
eigenvalue set. To accomplish this task we will use Schaeffer’s fixed point theorem (cf.

[17]).

With respect to the linear problem, it is already well known (cf. [2]), that the operator
A = —A + I, with homogeneous Neumann boundary conditions defines an unbounded
operator in LP(2) for all p > 1 with domain

D(A) = {u € W*P(Q);0u/0n =0 in  00}.

Moreover, the operator A has an associated scale of interpolation-extrapolation spaces
and, in particular, for each p > 1, we have that

A WHP(Q) - W HP(Q) is an isomorphism.
Moreover, for any g > 1, the embedding

. . qN
is continuous for p = ,
LI(09Q) — W12(Q) N1

. N
d t if < .
ana compact 1 p N_1
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Hence, we have that for b € L(0NQ), the unique solution of the elliptic problem with
nonhomogeneous Neumann boundary condition

—Av+v = 0, in Q,
@ = b, on 02, (11)
on

is given by
v=A"1(b) e WP(Q),
and moreover
lvllwrr ) < CllbllLaan)-

We will denote the operators
T()=v and S(b) =~T(b), where ~ is the trace operator.

The operator S is known as the Neumann-to-Dirichlet operator. Hence, the operator T
takes functions defined on 9f) to functions defined in € and S takes functions defined on
02 to functions defined on 0f2.

Our first task will be to show that any weak solution u € H*(2) of (2) lies in the more
regular space C%(Q). To accomplish this, we will need several regularity results of the
associated linear problems. As a matter of fact, as a consequence of the above, and using
embedding and trace theorems we can easily show the following regularity results,

Lemma 2.1. If N > 2 and b € LY(0Q) with ¢ > 1, then, the solution v = Tb of (11)
satisfies

N .
veW(Q)  for 1<p< = with |lollwis) < Clblloon.

In particular, we have
(i) If 1<q< N —1, then

r (N_l)q
<r < ————
yv € L"(09) for all 1_T_N—1—q’

and the map

is continuous for 1 <r < W
S LI(0N) — L™ (09Q) “ 14

N -1
and compact if 1<r< ]%(_71_2

)

(i) If g = N — 1, then
~vv € L™(99) for all r>1,

and the map S : L1(0Q) — L™(0Q) is continuous and compact for 1 < r < oo.
(i) If ¢ > N — 1, then

v e CYQ) with ””HC&(E) < Obll aa) for some « € (0,1);

moreover, yv € C*(00Q) and the map S : L1(00) — C*(0N) is continuous and compact.
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160 R. PARDO

Proof. We only have to take into account the above, that the trace operator
v WEP(Q) — WI/PP(9Q),
and that the Sobolev imbedding Theorems for noninteger order, state that

If sp< N =1, WP(0Q) — L"(0R), with continuous imbedding for r < p*,

1 1
where — = - — L, and compact imbedding for r < p*.
pr p N-1

If sp=N — 1, WsP(09) — L"(99), with 1 < r < occ.

If sp> N — 1, WP(9Q) — C™(dN), with continuous imbedding for

N 1
a=s5— —— —m and compactly imbedded in C™#(9Q) for B < a,
p

cf. [1]. v
As an immediate corollary, we have the following technical result,
Corollary 2.2. i ) If b € LI(0Q) for any q > 1, then
Sb e LIT (992).

(i) Assume that b satisfies

|b(x)| < h(z)w(x) where h € L"(09) with >N —1.
Let us define 6 = =2 — 1/ > 0. If w € LP(9Q) with 2~ S + 1 <1, then

Sbi=yv e LPP(09)  and ||Sb| Lr+son) < CllwlLron).

Proof. (i) Observe that if ¢ > N — 1, then from the above Corollary yv € L"(99) for all

r>1.Incase 1 < ¢ < N —1, then Sb € L"(99Q) for r < ( 1)q . A simple computation
shows that

(V- 1)g

1
- —qg>—, for1< N —1.
N-1_g q > orl <g<

N’

(ii) Notice that hw € LP"/(P+7)(9Q) and LT > 1 because l + 1 < 1. Hence, by Lemma

2.1 yv € L*(09) with s = %
N-1,p= TT and

- %(N—l) ) G y(N —1) Ty
Lcitiq | N=1—pr/(p+r) 1<ysN-1 |[N—-1-y r—yf

But a simple computation shows that this last minimum is attained at y = 1. This
concludes the proof of the Corollary. ]

p’l"

If we denote by y = s

:#%-,thenlgyg

These regularity results with a bootstrap argument will allow us to prove the following
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Proposition 2.3. Assume g satisfies (H1). Let us fix any R > 0. If u € HY(Q) is a
solution of (2) for some |\| < R, then, we have

[ullca@) < OO+ [lullLroa) (12)
for some positive a, where C = C(R) and p=2(N —1)/(N —2).

Proof. Assume N > 3 (the proof when N = 2 is simpler). Observe that the boundary

condition satisfied by u is g—“ = Au + g(x,u), and by hypothesis (H1) we have

n

lg(x,u)] < CGrz)(1 + |u(z)|) for some constant C = C(R).

Hence g“ = b(z) with |b(x)|] < C(1+G1x))(1+ |u(z)|). Notice also that 14+ Gy € L™(99)

for some r > N — 1.

Now, if u € H*(12), then yu € LP(99) with p = 24=L which satisfies that 1 —|— <1 for
any 7 > N — 1. Hence, b € L*(9Q) with  + LJ =1/if s > N —1, then Lemma 2.1 (iii)
implies that u € C*(£2) and

[ullcaa) < CllbllLsaa) < C(1+ [lullLraa))-

If s < N — 1, applying the regularity result of Corollary 2.2 (ii) we obtain that yu €
LPFI(99) and
lull Lr+sa0) < C(1+ [|ullLran)) (13)

Certainly, for a finite k& we will have

1 +1 1 and 1 1 1
. ——— n
p+(k—1)5 r

v

N_1 PEE T

Repeating this regularity argument k times, we get that yu € LPT#(99). Moreover, we
will also have

[ullLo+rsaay < C(1+ [lull prro-nsan)) < -+ < CA+ [lullLran))-

In particular, b € L*(09) for some s > N — 1. Hence, Lemma 2.1 (iii) and (13) finish the
proof. v

Remark 2.4. The regularity result of the Proposition 2.3 tells us that looking for solutions
of problem (2) in H'(£2) is equivalent to looking for solutions in a more regular space
like C*(2).

We analyze now the operator S, the Neumann-to-Dirichlet operator. We have the fol-
lowing result,

Lemma 2.5. The operator S : LQ([)Q) — L%(09) is a linear selfadjoint, positive and
compact operator. If we denote by {1;}2, its eigenvalues, and by o; = 1/7; we have that
for any A € R, A & {0,}22,, the opemtor Sy 1 L2(99Q) — L*(09) defined by Sx(g) = v
where v is the unique solution of

—Av+v = 0, in €,
@ - v = g, on 09, (14)
on
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is selfadjoint, continuous and compact. Moreover, the first eigenvalue oy is simple and its
eigenfuction ®1 can be choosen strictly positive. Also, if r > N — 1 then, Sy : L"(0Q2) —
CY(09) is continuous and compact and for any compact set K C R\ {0;}3°, the norm
of Sy : L"(09Q) — C°(09) is uniformly bounded for X € K. Also, ||Sy|| = o0 as A — o;
for some 1.

Proof. Observe that if by, by € L?(99Q), and if v1, vy are the solutions of —Av; +v; = 0
in €, %1:; =b;, 1 = 1,2, then by the weak formulation of this problem we have that

(S(bl),bg)Lz(QQ) = / Vvag +/ V1V = (bl,S(bg))Lz(QQ). (15)
Q Q

From (15) it follows that S is selfadjoint and positive. That S is compact follows from
Lemma 2.1. The fact that the first eigenfunction can be choosen nonnegative follows
easily from the Rayleigh quotient for the first eigenvalue. Then, maximum principles
imply that the first eigenfunction is actually strictly positive. In turn, this implies that
the first eigenvalue is simple.

The rest of the proof follows just by realizing that Sy = (I —AS)~! o S and applying the
regularity results of Corollary 2.2. ]

It is clear now that we can set a fixed point problem to obtain the solutions of (2). As
a matter of fact, u € H'(Q) is a solution of (2) if and only if its trace v = yu is a fixed
point of

v=ASv+5(g(-,v)). (16)

Notice also that once v is obtained we recover u by solving —Au+u =0 in Q with u = v
on the boundary.

Concerning the fixed point problem (16), we have

Lemma 2.6. Under hypotheses (H1), the map C°(0Q) 3> v — g(-,v) € L™(09Q) is well
defined and continuous. Moreover, for each € > 0, there exists a constant C = C(g,)
such that

(s )l zra0) < ellvllcopa) +C (17)
for all v € C°(09Q).

In particular, the map C°(9) > v — Sx(g(-,v)) € C°(9Q), is continuous and compact
for all X e R\ {0;}2,.

Proof. That this map is well defined follows from the bounds of g given by (H1). The
continuity follows from the continuity of g with respect to the last variable, the bounds
of g given by (H1) and the dominated convergence theorem. Statement (17) follows from
the fact that for each € > 0 we have the inequality |U(s)| < es + C, for some constant
C =C(e).

The last part of the lemma follows easily. ]

Now we are in a position where we can show the existence of solutions of our original
problem (2) for all A € R\ {0;}$2,. We have the following
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Theorem 2.7. If g satisfies (H1) then, for all A € R\ {0,}$2, there exists at least one
solution of problem (2). Moreover, for each compact set K C R\ {0;}$2,, we have the

existence of a constant C = C(K) such that any solution of problem (2) is bounded in
Co(Q) by C.

Proof. Consider the compact set K C R\{0;}32; and observe that by Lemma 2.5 we have
that there exists a constant C7 = C;(K) such that the norm of Sy : L"(9€2) — C°(Q) is
bounded by C; for all A € K.

We will apply Schaeffer fixed point argument to (16) (cf. [17]). For this, consider 6 € [0, 1]
and let v be a fixed point of

v =05x(g(-,v)) (18)
for some A € K. Then, |[v]|co@q) < Cillg(-,v]|Lr(a0)- But, by (17) we get

vllcoan) < Ci(el|vllcoan) + Cle, K)).

Choosing ¢ small enough such that 1 — Cie > 1/2, we get |[v]|co@q) < 2C10(e, K).
Noticing that by Lemma 2.6 we have that v — Sy(g(+,v) is compact in C°(9Q) when
A & {0:}32,, and applying Schaeffer fixed point argument, we prove the proposition.

2.2. Unbounded branches of equilibria

From the previous results, it is clear that when the value of the parameter \ is away
from the Steklov eigenvalues, the solutions of (2) are bounded uniformly in A. On the
other hand, since the norm of the operator Sy blows up to infinity when A approaches
a Steklov eigenvalue (see Lemma 2.5), it is natural to expect the existence of branches
of solutions that diverge to infinity in certain norms when the parameter approaches a
Steklov eigenvalue. For instance, if we consider the case where g = 0, then, for any
A & {0:}32, the unique solution is u = 0; while for A = ¢; we have that any function of
the whole finite dimensional subspace given by the eigenfunctions associated to o; is a
solution. This subspace constitutes an unbounded branch of solutions.

Let us start by analyzing the behavior of the solutions when we know explicitly that the
solution blows up in certain norm.

Proposition 2.8. Assume {\,}22, is a convergent sequence of real numbers for which
there exist solutions u, of (2) with |un|p=@q) — oo as n — oco. Then, necessarily
An — 0 for certain i € N, and for any subsequence of u.,, there exists another subsequence,
that we denote by u,/, and an eigenfunction ®; associated to o; with |4 @) = 1,
such that

L9, in CP(Q),
”un/HLf’O(aQ)

for some B > 0.

Proof. Applying the Hélder estimate given by (12) we obtain that if v, = u,/||un| =20,
we have [[vn[|ce(q) < C, for some C' independent of n. Using the compact embedding
C(Q) = CB(Q) for 0 < B < a, we obtain that for any subsequence of v,, there exists
another subsubsequence, v, and a function ® € C?(Q) such that v, — ® in CA(Q).
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Therefore, since [[vy || L (a0) = 1 we get that [|®| 1~ @q) = 1, and in particular ® is not
identically zero.

The equation satisfied by v, is

—Avy +v, = 0, in €,
0 n’ T, U,
v = )\n/’ljn/ + 7‘(]( Upt) s on 0f).
on I llLoe (a0)

Passing to the limit in the weak formulation of this equation, taking into account that

% — 0in L™(09) as n’ — oo and that v,y — ®, we get that ® is a solution of

-A®P+P = 0, in Q,
{ 6—(1) = 09, on 0, (19)
on
where 0 = lim,’_ 00 Ans. This eigenvalue problem is known as the Steklov eigenvalue
problem. Since | ®||p~q) = 1, necessarily o is an Steklov eigenvalue and @ is an
Steklov eigenfunction associated to o. This proves the Proposition. v

We immediately have

Corollary 2.9. With the same hypotheses of Proposition 2.8 we have
(i) The whole sequence satisfies |[un| rr0) — 00 for any 1 < p < oo.

(i) If u, > 0 for all n, then necessarily A, — o1 and the whole sequence satisfies

— O, m CB(Q)

Proof. (i) Since LP(99Q) — L'(99), it will be enough to show the result for p = 1. If this is
not the case, then there will exist a subsequence u,, bounded in L (9€). From Proposition
2.8, we can get another subsequence w,,/ satisfying wn: /||un’|| 1 (50) — ®; and in partic-
ular [[un || 21 00)/ |tun|| Lo 90) = |PillL1(a0) > 0, which implies that ||w. || £1a0) — o0,
which is a contradiction.

(ii) From Proposition 2.8, any possible convergent subsequence of u, /||un||L~aq) has

to converge to an Steklov eigenfunction ®; with ||®;[| 90y = 1. Since in this case
uy, > 0, we have that ®; > 0. But o7 is the unique Steklov eigenvalue with a nonnegative
eigenfunction ®; (see Lemma 2.5). ]

We will show now that any Steklov eigenvalue o of odd multiplicity is a bifurcation point
from infinity, that is, there exists a sequence \,, with \,, — ¢ and a sequence of solutions
up, of (2) for the value A, such that ||, q) — oco.

Before stating the result, consider the following notation. We will consider the solutions
of (2) in R x C(f), where the first coordinate is the value of A and the second is the
function w, which is a solution of (2) for this value of A. In this sense, we will denote the set
of solutions by S. Recall also that we have denoted the Steklov eigenvalues (eigenvalues
of problem (3)) by {0:}52;.

We have the following result (cf. [31], Theorem 1.6 ):
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Theorem 2.10. Consider problem (2) and assume that the nonlinearity g satisfies condi-
tions (H1). If o is an Steklov eigenvalue of odd multiplicity, then the set of solutions of
(2), denoted by S, possesses an unbounded component D which meets (o,00) € Rx C(£2).

Moreover, if [\-,A1] C R is an interval such that [\, \y] N{0:}32; = {0} and M =
A A4 x{u € C(Q) : |lull ¢y = 1}, then either

(i) D\M is bounded in Rx C(), in which case D\ M meets the set {(\,0),: A € R}
at (Ao, 0) such that g(Mo,-,0) =0, or

(ii) D\ M is unbounded in R x C(Q).

IfD\M is unbounded, and it has a bounded projection on R, then D\ M meets (6,00) €
RxC(Q), with o # 6 € {0:}52,, i.e. D\ M meets another bifurcation point from infinity.

Proof. We apply the general techniques from [31] to the fixed point problem (16) in the
space C(09). Thus, we have to prove that

(A) S(g(-,v)) = o(||v]]) at v = co uniformly for A in bounded intervals,and

(B) the map (A, v) — |[v||?S(g(-,v/||v||?)) is compact for A in bounded intervals,

where for simplicity we denote by ||v]| := [|v||c(aq).-
(A) For any v € C(99) we have, from (H1), that g(-,v) € L"(92). Therefore,
1S(g(v) < et )z o0) <c (E+ C ) 7 (20)
o] o] [[o]

where we have used Lemma 2.1 for the first inequality and Lemma 2.6 for the second
one. From (20) we easily get (A).

(B) We have to verify that H : R x C(9Q) — C(09) defined by
H(\v) = |[v]|2S(g(z,v/||v]?)) is compact.

Note first that the image of

{(A0) € LA xC(09) : 6 <vlcoa) < r}

under H is relatively compact for any A < A and 0 < § < p < oco. This follows from
the boundedness of g and the compactness of S. Thus we only need to prove that the
image of [\, A] x Bs under H is relatively compact in C(92) for some § > 0 small enough,

where B := {v € C(0f2) : ||v]| < d}. Let us choose v € By, and define w = o which
v
1
satisfies ||w]| > 5
From (17) with € = 1, we get
lg (- w)llLr@o0) <c (21)
]l
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with C = C(\, ||hl| (80, 0). Therefore

(- )

Now, the compactness of S : L"(9Q) — C(9) given by Lemma 2.1 ends the proof.

lv]*

< Clj|| < Co. (22)
L™ (89)

We analyze now the case where the eigenvalue ¢ is simple, and in particular the case of
the first eigenvalue. We have the following,

Theorem 2.11. Let o denote a simple Steklov eigenvalue and ® a corresponding eigen-
function. Assume g satisfies hypothesis (H1). Then, the set of solutions of (2), possesses
two unbounded components DT, D~ which meet (0,00) € R x C(Q), satisfying

(i) there exists a neighborhood Oy of (o,00) such that (A, u) € DT NO; and (A, u) #
(0,00) implies

u=s®+w where s > 0, with ||wl| a0y = o(|s]) at [s| = o0;  (23)

(ii) there exists a neighborhood Oy of (0,00) such that (A\,u) € D~ NOs and (A, u) #

(0,00) implies

u=—s®+w where s > 0, with ||w| a0y = o(|s|) at [s| = occ. (24)
Proof. See [31], Corollary 1.8. v

Note, in particular, that if ¢ = o1, since the first eigenfunction can be chosen positive,
this result implies the existence of branches of positive and negative solutions bifurcating
from infinity.

2.3. Subcritical and supercritical bifurcations from infinity

In this subsection we give conditions on the nonlinearity g that allows us to characterize
the type bifurcations, sub or supercritical (on the left or on the right of the first eigenvalue
respectively) occurring.

As an example, let us consider the case where v,, — ®; and assume, for instance, that
the function g(x, s) behaves for s — +oo as

g(x, s) = G(x)s.

Then, considering equation (2) with A = A, multiplying it by ®;, integrating by parts
and using that ®; is an eigenfunction, we get

(o1 —)\n)/ Uy, P :/ g(x,u,)Py.
90 a0
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Hence, since u,, — 400 uniformly in 02 and using the asymptotic expression of g, we
easily can get that the sign of o3 — A, is dictated, for n large enough, by the sign of

/ G(x)®Te.
o9

In particular, if this last integral is positive the bifurcation is subcritical and if it is
negative the bifurcation is supercritical.

With this in mind, throughout this section we assume:

(H2) For some « < 1, for sufficiently large s > 0 and x € 99, there exists a function G,
such that

limsupM < Gi(z), GLeL"(0Q), r>N-1.

|s|—o0 |S|a

To evaluate the sign of o1 — A,,, we look at the lower order terms of g(z,s) as s — oo.
Hence, we define, for @ < 1, the following quantity

0 89(T8) fita
G, = 1 f d 25
G = [ e TR el (25)
where ®; is the first Steklov eigenfunction as in (3) with [[®1] =@y = 1. Changing

liminf by limsup we define the number G and considering the limits when s — —oo
we will have defined G _.

Remark 2.12. (i) Observe that in fact G, depends on a (and possibly on o whenever
we study bifurcation from any eigenvalue). If we need to stress this dependence, we will

write GI7, Gi’g.
(ii) Observe that if g satisfies (H1) and « > 1 then all the functions defined above are

identically zero.

(iil) The behavior of the function g for large values of s can be expressed in the following
way: for any € > 0 small enough, we have

(lirninf 59(,5) _ 5) s* < g(z,8) < <limsup #g(,9) + 5) 5%,

e Js|TH S s

for s = 4o00. Similarly for s — —o0.

Those numbers G, G, G_ and G_ determine the subcritical or supercritical nature
of the bifurcation at o1, see Theorem 2.14.

Let us consider a technical lemma that will be the key to prove the result. It is basically
a restatement of [7, Lemma 4.2] and it is used to determine whether the bifurcation is
subcritical or supercritical. Note that this result allows us to compare o1 and A.

Lemma 2.13. Assume the nonlinearity g satisfies hypothesis (H1) and (H2) for o = o;.
Denote by o1 the first Steklov eigenvalue and by ®1 the first positive eigenfunction with
H(I)1||Loo(39) =1 asin (3)
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Consider (An,un), a sequence of solutions of (2) such that A, — o1 and ||un| g0y —
oo. Then, if u, > 0 we have

G 1 ng (- Un o — A
S o mr [ St g g T (26)
IOQ 1 faQ 12 noee Jog o |un| nmree HunHLOO(BQ)

A

- A 1 - G
lim sup o1 a_ln < 5.2 lim sup / m{fg)@}*“ < ﬁ
n—o00 Hu"HLOO(BQ) IBQ 1 n—oo o0 |un| fagz 1

A similar statement is obtained for the case u, <0, just changing G, by G_ and (e
by G_.

Proof. Let us show (i). The other case follows a similar proof. So let us consider a family

of solutions u,, of (2) for A = A, with A,, — o1 and 0 < u,, = oo. Multiplying equation
(2) by ®1 and integrating by parts, we get

(61— An) /{m u,® = /ng(ac,un)(bl. (27)

But,

a g(xvun) ( Up )a
g(z,un) P = ||un||f / D,
/asz () a0y o0 Uy l|lun |l o= a02)

Nevertheless, from Fatou’s Lemma,

lim inf g(%fn) ( - ) 1
n—00 90 Uy, ”un”Loo(aQ) a
2/ - {g(m,un) < Up, > @1] (28)
5 Moo ue l|lun | o= 502)
> G,

where we have used the definition of G, that ®; > 0 for all z on 02, and the fact that
4o — @3 uniformly in 9 (see Corollary 2.9).

HunHLOO(aQ)

Dividing in (27) by [|un|z~(a0) and passing to the limit we obtain the first inequality
of (26). The second inequality is trivial and the third is obtained in a similar manner as
the first one. v

Now, with respect to bifurcations from the first eigenvalue we can prove the following
theorem.

Theorem 2.14 (Bifurcation from the first eigenvalue). Assume the nonlinearity g satisfies
hypothesis (H1) and (H2) for ¢ = o1. Denote by o1 the first Steklov eigenvalue and by
®y the first positive eigenfunction with | ®1| pe @y = 1. Then,

(i) (Subcritical bifurcations). If

G, >0 (respectively G_>0) (29)
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the bifurcation from infinity of positive (resp. negative) solutions at A = o1 is subcritical,
i.e., A < o1 for every positive (resp. negative) solution (A,v) of (2) with (A, |v]]) in a
neighborhood of (o1, 00).

(ii) (Supercritical bifurcations). If
G;: <0 (respectively G_<0) (30)

the bifurcation from infinity of positive (resp. negative) solutions at X = oy is supercrit-
ical, i.e., X\ > o1 for every positive (resp. negative) solution (\,v) of (2) with (X, ||v]]) in
a neighborhood of (o1,00).

Proof. The proof of this Theorem follows directly from Lemma 2.13. Observe that con-
dition (29) impose a definite sign of o1 — A, in (26). v

As an example of this result we have

Corollary 2.15. (i) Assume the nonlinearity satisfies g(x,s) = a|s|* as s = +oo for
some a < 1. Then, if a > 0 all bifurcations of positive solutions are subcritical, while if
a < 0 all bifurcations of positive solutions are supercritical.

(i1) Assume the nonlinearity satisfies g(x, s) = a|s|* as s = —oo for some o < 1. Then, if
a > 0 all bifurcations of negative solutions are supercritical, while if a > 0 all bifurcations
of negative solutions are subcritical.

We consider now the general case, that is, u, are solutions of (2) for a sequence \,, with
An = 0 and |[un || L a0y — oo. Then, from Proposition 2.8 we have that A is an eigenvalue
and, up to a subsequence, u,/||un||L~@0) — @ uniformly for some eigenfunction ®
associated to the eigenvalue o and with [|®| ;e 9q) = 1.

We have the following

Theorem 2.16 (Bifurcation from a general eigenvalue). Let o be an Steklov eigenvalue
for which a bifurcation from infinity of (2) occurs at A = o. Assume the nonlinearity g
satisfies hypothesis (H1) and (H2). Then,

(i) (Subcritical bifurcation). Assume that —1 < a < 1. For some eigenfunction ®
associated to the eigenvalue o, let us define the following quantity

o e Sg(il?, S) +114+« e Sg(I, S) — 114«
G7 = / lim inf |DT|* T 4 lim inf |[&7]7 e, (31)
oo s+oo [s|Ite on == [s[tte
where G = G7 (D).

If G > 0 for any eigenfunction ® associated to the eigenvalue o, then the bifurcation
from infinity of solutions at A = o is subcritical, i.e., X < o for every solution (\,v) of
(2) with (A, ||v]|) in a neighborhood of (o, 00)

(ii) (Supercritical bifurcation). Assume that —1 < «a < 1. For some eigenfunction ®
associated to the eigenvalue o, let us define the following quantity

G’ ::/ lim sup sg(i,_z) |<I>+|1+°‘—|—/ lim sup sg(:lzr-;_z) ||t (32)
00 s—too |9 o0 s——oo 8|
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If G’ <0 for any eigenfunction ® associated to the eigenvalue o, then, the bifurcation
from infinity of solutions at X = o is supercritical, i.e. A > o for every solution (\,v) of
(2) with (A, ||v]|) in a neighborhood of (o, 00)

Proof. We will show the first case. The supercritical case is proved in a similar way.

As in the proof of Theorem 2.14, we need to study the sign of

/ gz, up)P.
o9
But, if we denote by 9Q1 = {z € 9Q : ®(z) > 0} and by 90~ = {x € IQ : ®(z) < 0},

we have

| swwe = [ gauet— [ gaaen

(x u)aQ 1 lu| \
=l [ (f?mw (4 ‘ mgﬂ a (33)
e [ e (R )
Observe that, for any o > —1,
o <ﬁ " ﬁ) @77 in C(09%)  asn oo (34)

Now, passing to the limit in (33), using (34), hypothesis (31) and the Fatou Lemma we
conclude the proof. v

2.4. A one dimensional example

Now we consider the onedimensional version of (2), where most computations can be
made explicit.

Observe that equation (2) in the one dimensional domain = (0, 1) reads

—Ugz+u = 0, in (0,1),
—ugz(0) = Au+ g(0,u(0)). (35)
ug(1) = Au+g(1,u(l)).

The general solution of the differential equation is u(z) = ae® + be~?, and therefore
the nonlinear boundary conditions provide two nonlinear equations. in terms of two
constants a and b. The function u = ae® + be™? is a solution if (A, a, b) satisfy

—(1+2X) (1=X) a\ _ g(0,a + b) (36)
(1—=XNe —(1+Net)\b g(1,ae +be™ ).
In this case we only have two Steklov eigenvalues,

e—l< 1 e+1
09 = — = .
e+1 2 o1 e—1

g1 =
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Choosing g(z,u) = g(u) and restricting the analysis to symmetric solutions u,(z) =
r(e® + e'7%), with r € R, it is easy to prove that u,(x) is a solution if and only if A

satisfies
g(r(e+1))

)\(T) =01 — T(e—l—l)

, r>0. (37)

Therefore, whenever g(u) = o(u) at infinity, there is an unbounded branch of solutions
(A(r),u,) = (01,00) as r — oo.

3. The anti-maximum principle for the Steklov problem

Let us consider the following nonhomogeneous linear Steklov problem

—Aut+u = 0, in Q,
% = du+g(x), on Of). (38)

We first show an anti-maximum principle for this problem, Theorem 3.1 (see [13], [3] for
the case where the nonlinear term is in ). As usual, we denote by o7 the first Steklov
eigenvalue and by ®; its positive eigenfunction.

Secondly, let us we consider the linear nonhomogeneus problem

Ou +bx)u = Iu+g(x), on Of. (39)

{ —Au+u = 0, in Q,

We will show that there exists a small § > 0 such that the antimaximum principle holds in
p1(b) < A < p1(b)+ 6, where pq(b) is the first Steklov eigenvalue associated to (39) (that
is, the smallest A for which there exists a solution of (39) with g = 0). The parameter &
can be chosen uniformly for all potentials b(z) lying in a small neighborhood of a given
fixed potential by(z) and also uniformly in g(z) in certain sense (see Theorem 3.4 below
for more details).

In this Section, we show first an antimaximum principle (see Theorem 3.1) and a uniform
antimaximum principle with a varying potential (see Theorem 3.4). Also, we state a
uniform condition allowing that the antimaximum principle hods (see Corollary 3.5).
We also include several results related to the spectral behavior when the potential at
the boundary is perturbed. This Section contains a proof of the uniform antimaximum
principle and also several technical results on the behavior of the Steklov eigenvalues
under variations of the potential at the boundary, which are needed in the section to
show the uniform antimaximum principle.

Theorem 3.1. For every g € L"(0Q) with r > N — 1, there exists € = €(g) such that

1. If g®1 > 0, then every solution (\,u) of (8) satisfies the following
o0

a) u>0ifor —e<A<oy,
b)u<0ifor <A<oy+e.
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2. If g®1 = 0, then every solution (A, u) of (8) with A # o1 changes sign on O
o0
and consequently in Q.

Proof. Assume / g®1 > 0. The Fredholm Alternative states that the linear problem

(8) does not haveas%lution if A\ = o1 and has a unique solution if A & o(S). Moreover from
Theorem 2.10, A = o7 is a bifurcation point from infinity, and from Theorem 2.14, the
bifurcation from infinity of positive solutions is subcritical, i.e. there exists an € = €(g)
such that for all (A, u) solving (8) with A — o1, ||u|| = co and u > 0, then 01 —¢ < A < 07.

Moreover, by the same theorem, the bifurcation from infinity of negative solutions is
supercritical, i.e. there exists an € = £(g) such that for all (A, u) solving (8) with A\ — o7,
lu|| = co and u < 0, then o1 < A < 01 + €.

Assume now that / g®1 = 0. Multiplying equation (8) with A # o1, by ®; and inte-
a0
grating by parts, we obtain that / u®y = 0. Since ®; > 0, u has to change sign in 0f2

o0
and the proof is concluded. v

3.5. A uniform antimaximum principle

Let us consider a family of nonhomogeneous linear Steklov problems containing a poten-
tial at the boundary of the form bo(z) + n(x), where bo(-) € L"(05?) is a fixed potential
and n(-) € L"(09Q) will be small in L"(9Q) with » > N — 1, that is,

0t o) + ) 1o

—Au+u = 0, in Q,
A+ g(z), on 9.

For the analysis in this section, we need to consider several eigenvalue problems. If
be L"(09), r > N — 1, we denote by pi(b) and p; = ¢1(b) > 0 the first Steklov
eigenvalue and eigenfunction of the problem

_Awl + 1 = O, in Q,
0 41
—(,;il +b(x)pr = pi(b)en, on 9. )

Also, we will denote by A;(b) and & = &1(b) > 0 the first eigenvalue and eigenfunction,
respectively, of the following problem

{ A& +& = A&, in Q,

?fl 0, on 0f).

B b(x)&1 (42)

From maximum principles, it is well known that if by < bg, by # b, then uq(b1) < p1(b2)
and Aq (bl) < Al(bg)

Note also that for both (41) and (42), the first eigenvalue is simple and is the only one
with a positive associated eigenfunction.
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We will refer to A; in (42) as the interior eigenvalue, to distinguish it clearly from the
boundary Steklov eigenvalue, uq in (41). We will keep this notation on eigenvalues and
eigenfunctions throughout the section. Also, the first eigenfunction will be normalized
in L>°(99), unless otherwise stated.

We will denote by wu. := pi(by +n) and ¢! = ¢;(bo + 1), i = 1,2,..., the Steklov
eigenvalues and eigenfunctions of the problem

—Ap+p = 0, in Q,
0 43
Lt o@) + (e = wp,  on o (43)
We will denote by u{ and ¢?, i = 1,2,..., the Steklov eigenvalue and eigenfunction of
the problem
Al +¢) = 0, in €,
0p} 14
2L = el non (44)

We start with a result on the behavior of the solutions of (40) and of the spectra of (43)
(see [8, Proposition A.1] for a proof).

Proposition 3.2. Let us consider a family of potentials n,, € L"(9Q) for somer > N —1,
satisfying n, — 0, weakly in L"(0R). Denote by S, : L"(02) — L"(09), the solution
operator of (40) with A = 0, that is Sy(g) = ~v(u), where u is the solution of (40) with
A =0 and v(-) is the trace operator. Then, there exists a large enough constant a > 0
such that Sq and Sq4y, are well defined and

HSa-l-nn - Sa”L(LT(QQ),LT(BQ)) — 0, as n — +o0. (45)

Moreover, we have the convergence of eigenvalues and eigenfunctions, that is ™ — u?
asn — +oo for alli =1,2,.., and in particular

Pi" = @, in HY(Q), C*(9Q) (46)
for some a > 0.

In a very similar way we have the following proposition.

Proposition 3.3. Let us consider a family of potentials n, € L"(98) for somer > N —1,
satisfying n, — 0, weakly in L" (). Denote by T, . : L*(Q) — L*(Q) the solution
operator of
0 47
O @) @) = 0, on )
that is T, o(f) = u, where w is the solution of (47). Then, there exists a large enough
constant ¢ > 0 such that Ty, . and Ty . are well defined and

{ —Aut+cu = f, in Q,

HTnn,C — T07c||L(L2(gl)1L2(£2)) — 0, as n — 4o0. (48)

Moreover, we have the convergence of eigenvalues and eigenfunctions, that is, with the
notations or (42), Ay(b+ n,) — Ai(b) as n — +oo for all i = 1,2, .., and similarly for
the eigenfunctions.

Vol. 30, No. 2, 2012]



174 R. PARDO

Proof. The proof follows the same ideas as the proof of Proposition 3.2. To show (48)
we pass to the limit in the weak formulation of (47) and use elliptic regularity theory to
show that the convergence is in stronger norms. The convergence of the eigenvalues and
eigenfunctions follows from (48) (see again [24]). v

Now, we want to analyze the behavior of the solutions of (40) with A\ varying in a
neighborhood of 4 and assuming that [|9]|1-(s0) is small. As a matter of fact, we can
show the following theorem.

Theorem 3.4. There exist three constants ng,do, M > 0 such that for every function
n € L"(0) with ||n|rr@a) < no, and every function g € L"(0Q) with r > N — 1, and

g¢] >0, we have
o9

n
(i) if e (u?,u?—i—M M ) N1 then u <0,
H9||Lr(an)

n
(i) if Xe (;/f—M M ,/ﬂf) N1, thenu >0,
H9||Lr(aﬂ)

where I = [u9 — do, u9 + do] and u is the solution of (40).

Proof. For each n € L™(99Q) fixed, we consider
L7(09) = span[g]] & span[{]*, (49)
where

spanfel] = {ue 100 [ gt =o}. (50)

and therefore, for every g € L"(09Q) with » > N — 1 there exists a unique decomposition

Ui
g=ao(n)e] +g], where ag(n):= fmigfly and / givl =0.  (51)
fagz o1 0

The well known Fredholm Alternative states that the linear problem (40) for A € R does
not have solution if A € {4}, and has a unique solution if X # ], for all i = 1,2....
The solution u in the latter case has a unique decomposition

u= ano(n) o +uy, with / urp] =0, (52)
py — A b3le}

where ag(n) is defined in (51) and u; = wuy(n, A) solves the following problem

—Au; +u; = 0, in Q,
0
% + [bo(x) + n(x)|ur = Aui + g7, on 0f2.

(53)

Moreover, by the decomposition of g, see (51), u1 € span[¢]]*. By hypothesis and from
the Fredholm Alternative, it is already known that the linear problem (53) has a unique
solution u; in span[¢]]*t.
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From the continuous dependence of the Steklov eigenvalues with respect to the potential
given by Proposition 3.2, we know that we have that p — u? for alli =1,2.... and

o] — <p(1) in C*(Q) forsome 0<a<l1, as Il - o0) — 0O, (54)
which implies that we can choose 79 > 0 small such that

miDL(xr); > lmiDL@g >0, for [|n]|L-(a0) < o- (55)
€2 [oq [P1* T 220 [oq 01

Let dop = (1§ — u§)/2 > 0 and let us consider now 0 < 79 < 7jp small enough with the
property that for each n € L"(0Q) with [|n||.-a0) < mo, we have [u§ — do, u + do] N
{n}2, = mi-

Let us define the set

E={(\n) €1 — do,p] + do] x L"(%) with |9/l zra0) < 1m0 and X\ # pf}.

We will next prove that for a fixed g € L"(9€), u1 = u1(A,n) is uniformly bounded for
any (A\,n) € E.

Let us argue by contradiction. If this is not the case, then there exists a sequence
(Ans 1) € E such that |[ui(An, nn)||Le(a0) — oo. Taking another subsequence if neces-
sary, we may assume that there exists n € L"(92) such that n, — 7, weakly in L"(99).
Applying Proposition 3.2 we get that u]" — uf and ¢ — ¢ in C%(Q). Arguing as in
[7, Proposition 3.1], we get that necessarily this sequence must satisfy \,, — p7 and, at
least for another subsequence, that we denote the same,

Ui ()\nu nn) . =0
[[ur(Ans 1) | s ' '
1\An, TIn ) || Lo= (0Q) Loo(Q)
This is in contradiction with the fact that u;()\) € span[p]"]* and the convergence in

(54).

Let us now define a family of operators T'(A,n) : L"(0Q2) — L>(Q) for (\,n) € E,
by T(A\,n)(g) := u1(A,n). From elliptic regularity, T'(\,n) is continuous. Moreover
17N 1) (9L < Clg) for all (\,n) € E. Therefore, applying the uniform bound-
edness principle, there exists a constant C; such that

|\u1()\777)|\L°°(asz) < CIHQHLT({)Q) for any ()\777) € FE. (56)

Consider the case pf < A. From (52) and (56) we have that for (\,n) € E we have

ao(n)

u < o + Cillgll -
Ll g+ gl
From here, if we define C(n) := min ¢{(x)/ (C1 [5q, [¢7]?), we obtain that for (X, 7) € E,
€N
n
if 0 < A—pup <C(n) M,thenu<0.

gl
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Now, taking into account (55) we have

1 ()
C(n) > 7 min ———2—=:= M >0, for |[n||La0) < N0,
2C1 2eQ [,q |72 (6%)

from where (i) follows. The other inequality is obtained in a similar way. 4

Let us finally consider a family of nonhomogeneous linear Steklov problems with a vari-
able nonhomogeneous term at the boundary g depending on the parameter A

—Au+u = 0, in €,
0 57
O o) e = Autgl@),  ondn o7

where g(A,-) € L™(99Q) and by + n(A, ) € L"(0€). We will also assume that
In(A o) =0 as A —pl.
Corollary 3.5. Assume that the following hypothesis holds
(A ey =0,  as A— u?. (58)

Assume also that ||g(-)||L-(a0) # 0 for all X € [uf — o, p§ + o] for some & > 0, and that

N0
lim inf / BOLZ S (59)
A=do o ||9(')||Lr(aﬂ)

Then, there exist constants 6, M > 0 such that
(i) if e (u?()‘),u?()‘) + ]\Zf) N1 then u <0,
(i) of Ne (/fl]()‘) - M, ;/17(”) N1, then u>0.
where I = [ — 6, 18 + 8] and u is the solution of (57) .

Proof. Define g(-) = g(-)/ll9(:)|| Lro0) and @ = u/|[g(-)| L-(a0) so that @ satisfies

98 | o) +n0 )i = i+ §(a), on 99 (60)

{ _Ai+a = 0, in Q,
on

From the convergence of ™ to ¥ stated in (54) and from (59) we get

liminf [ () f™ >liminf [ 5() [pI™ = @8] +liminf [ () ) >0,
A=l Jon A=n Joo A=l Jon

from where we obtain that there exists ag > 0 and § > 0 such that for A € [u§ — 4§, u9 + 4]
we have

/ JOe ) > a0, A€ [0 — 8,10 + 5.
o

Now the result is a consequence of the theorem above. v

[Revista Integracion



Bifurcation for an elliptic problem with nonlinear boundary conditions 177

4. Stability

In this Section we consider the nonlinear parabolic equation with nonlinear boundary
conditions (1) and analyze the behavior and stability properties of the equilibrium solu-
tions as well as some features of the global dynamics. The equilibria are the solutions of
the elliptic problem with nonlinear boundary conditions (2).

In this Section, we characterize the stability of equilibria and analyze several features
of the bifurcating branches. The stability is characterized in terms of two ordered num-
bers which depend on the asymptotic behavior of g and g, at infinity. Whenever both
numbers are positive (resp. negative), any positive solution contained in the unbounded
branch is stable, subcritical and unique for each A (resp. unstable and supercritical) in
a neighborhood of bifurcation point at infinity.

First, we give conditions, which involve a more detailed knowledge of the behavior of the
nonlinear term as |u| — oo, which imply that the unbounded branch of positive equilibria
is subcritical, unique and stable (see Theorem 4.5). In an almost exact complementary
situation, we also show that the unbounded branch of positive equilibria is supercritical,
unique and unstable (see Theorem 4.6).

Let us mention that all these results, which are described in the introduction for positive
solutions, have analogous statements for the negative branch of solutions.

The section is organized as follows. In Subsection 4.6 we make precise the hypotheses
on the nonlinearity and collect some notations and known results. We also give a more
precise description of some of the results in the section. Subsection 4.7 contains our
stability results for the solutions of (2).

4.6. Preliminaries and description of the results

In this Subsection we review the setting and results from Section 2, which we take as a
starting point for our analysis. We also describe in a more technical and detailed way
our results.

With respect to the nonlinearity g in (1) and (2), we assume hypotheses (H1), (H2) and
also the following hypothesis

(H3) The nonlinearity gs(z,s) is differentiable in s and its partial derivative g4(-,-) €

C (09 x R), where g, := a—g, and there exist Fy € L"(0€2), with » > N — 1, and
s
p < 1 such that

|g($, S) B SgS(I, S)|
sl

for x € 09 and s > 1 sufficiently large.

< Fi(z), as A — o1 (61)

Elliptic regularity results and bootstrap arguments imply that solving (2) in, say H*(£2),
is equivalent to solving the problem in a more regular space like Holder spaces (see
Proposition 2.3). Hence, we may consider the solution pair (\,u) of (2) in R x C(Q).
Since ¢ is sublinear at infinity, the linear part of the boundary condition of (2) is the
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dominant term for u large enough. Hence, it is expected that large solutions of (2) can
only exist, due to parametric resonance at the boundary, that is, when X is near a Steklov
eigenvalue (see (3). This was already proved in Theorem 2.10 (see also [7, Proposition
3.1, Theorem 3.3]), at an eigenvalue of odd multiplicity. In particular this holds at oy,
which is the case we consider in this Section. These results were obtained by showing
that bifurcation from infinity occurs at such eigenvalues (cf. [31]). Furthermore we have
(6) and (7).

To elucidate whether or not the unbounded branch of solutions of (2) is subcritical or
supercritical, the quantities G +,§+ (see (25)), which measure the asymptotic behavior
of the nonlinear term at infinity, were used. It is shown in Theorem 2.14 that, if G, > 0,
the positive unbounded branch of equilibria is subcritical, while it is supercritical if
Gy <0.

To determine the stability of the solutions uy of (2) bifurcating from infinity at the first
Steklov eigenvalue, o1, one must determine the sign of the first eigenvalue, Aj, of the
linearized problem

_A§ + 5 = A§7 n Q,
{ o = A+ gulz, ur)g, on 01},
on

0
where g, = 8—9, as A — o1.
U

This will be obtained in terms of the following quantities, which involve a more detailed
account of the asymptotic behavior of the nonlinear term at infinity and as A\ — oy:

. _ 2 .
F, o= [ lminf 2209~ 0u05) gy (62)
g st |s1*e

and

. _ g2 .
FJF — / limsup Sg( 78) ]j_ gu( 78) (I)iJrP7
80 s—+00 [s|tte

for some p < 1. In this Section we show that, if F, > 0, any positive large solution
is stable, subcritical and unique for each A in a neighborhood of o; (see Theorem 4.5).
On the other hand, if F, < 0, any positive large solution is unstable, supercritical and
unique in a neighborhood of o1 (see Theorem 4.6).

For example, if
g(x, s) := a(x)s®, for s> 1,

and a(z) is such that [, a®;t* > 0, then F, > 0. If, on the contrary, Joa a®it™ <0,
then FJF < 0.

Remark 4.1. Let us observe that if
g(z,s) = a(x)s”, for |s| <1,

and a(z) is such that faQ a®71T™ > 0, then F, < 0, and any positive solution bifurcating
from zero is unstable, supercritical and unique in a neighborhood of (o1,0). If, on the
contrary, |, 50 a@}*o‘ < 0, then F, < 0, and any positive solution bifurcating from zero
is stable, subcritical and unique for each A in a neighborhood of (o1, 0).
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4.7. Stability or instability of positive equilibria bifurcating from infinity

We analyze in this Section the stability properties of the branches of solutions of (2)
bifurcating from infinity at the first Steklov eigenvalue o;.

We sketch now the main argument that will lead to the stability and instability result.
Let us denote by uy > 0 a solution of (2) bifurcating from infinity for A near o;. The
eigenvalue problem associated to the linearization around wy, as an equilibrium of (1), is
given by

—AE+E = AS, in Q,
{ Lo etalnus  onon (63

0
where g, = 8_9 Thus the stability properties of u) are determined by the sign of the
U
first eigenvalue of (63). Following the notations in (42), the eigenvalue can be written as
A= A (=X — gu(z, uy)).

Let us also consider the auxiliary Steklov eigenvalue problem associated to the lineariza-
tion around u) given by

—Ap+¢p = 0, in ,
0 64
a—i = up+ gulz,uy)e, on 0. (64)

Observe that with the notations of (41), the first eigenvalue of (64) can be written as
p1 = pa(=guls, ur))-

Now we use that for both eigenvalue problems (63), (64) the first eigenvalue is the
only one with a positive eigenfunction. This implies that in (64) the first interior
eigenvalue associated to the boundary potential b(x) = —p; — gu(\, x,u)) satisfies
Ay (—p1 — gu(\,z,uy)) = 0, while in (63) the first eigenvalue is A1 (=X — gu (A, 2, uy)).
Hence, if we are able to compare p; in (64) with A, then in (63) we will have that wuy is
stable if p1 > A, and unstable if p; < A.

Therefore, we need to figure out a tool to compare p; with A\, as A — o71. This will be
achieved in Lemma 4.4 below. For this we look at the lower order terms of g(z,s) as
A — o1 and s — oco. Hence, consider, for some «,p < 1, the quantities G, and F ,
defined by (25) and (62) respectively.

Remark 4.2. Observe that (H2) and (H3) imply that

0 <R @ BTG, asA o, s

where v = max{p, a} < 1. Hence,

|95 (z, )|
|s|7=1

< Diy(z) with Dy €L"(0Q) with r>N-—1, (65)

for s big enough, x € 92 and A — o1. Therefore, we can also define

D, = /liminfg"(x’s) oIt (66)
9Q S—+00 |3|V—1
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Changing liminf by limsup we define the numbers G, F,, D, and considering the
limits when s — —oo we will have defined G_,F_,D_and G_,F_, D_.

Note that G, , G, G and G_ where used in [7] to determine the subcritical or super-
critical nature of the bifurcation at o;.

Observe that the difficulty of comparing 1 and A is that, as A — o1, we have u3 — o1
as well (see Lemma 4.3 below).

Let us consider now a technical lemma that, joint with Lemma 2.13 will be the key
to prove Lemma 4.4. Lemma 2.13 was used to determine whether the bifurcation is
subcritical or supercritical. Note that this result allows us to compare o1 and .

Let us now denote by uy > 0 a solution of (2) bifurcating from infinity. We consider
the auxiliary linearized Steklov eigenvalue problem (64) and, with the notations in (41),
denote the first eigenvalue by 1 = p1(—gu (-, un)) and the first positive eigenfunction by
@1 = p1(A, ux), which we assume normalized in L>°(9€) so that |1 L) = 1.

The next result states sufficient conditions for the convergence of 11 — o1 and of 1 — ¥4
as A — o1, and allows to compare pq and o;.

Lemma 4.3. Assume the nonlinearity g satisfies hypotheses (H1), (H2) and (H3).
Then, the first eigenvalue and eigenfunction in (64) satisfy

p1(=gu(-yun)) = o1 as X — o, (67)

o1(uy) = @ in HH(Q)NCP(Q) as \— oy, (68)
for some B € (0,1).

Moreover, for any sequence of solutions of (2), (An,un) such that A\, — o1 and
llun | Lo 92y — 00, setting p1.n = p1(—gu (-, un)), we have, if u, >0

D - - D
;JFQ < hminf% < lim sup o1 7fbll.,n < + . (69)
faQ @y o ”unHLoo(aQ) n—oo Hun”Loo(aQ) fOQ Py

where v = max{p, a} < 1.

A similar statement is obtained for the case u, < 0, just changing D, by D_ and D,
by D_.

Proof. Note that, using v < 1, (65) and (6), in (64) the boundary potential satisfies

90 o o),

Gulsun) = [un] lup 71

as A — o1.

From this, the spectrum of the linear operator also passes to the limit since r > N — 1,
and then ¢1(\,uy) — @1 in H*(Q) as A — o1 (see Proposition 3.3 in Section 3). The
elliptic regularity imply now that (68) is satisfied.
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On the other hand, if u, > 0, considering equation (64) for the first eigenfunction,
multiplying it by ®; and integrating by parts, we get

(01 —Ml,n)/ <P1,n‘1>1 =/ gu('aun)spl,nq)la (70)
f19) a0

where ¢1., = ¢1(An, uy,). But,

—1
—1 gu('vun) |un| 7
)i n®s = [un[ =gy [ 22 < ond,
/asz ulytn)Prn i) [, Ju it \Tanlomom) "

and
) -1
lim inf gu( 7u7n1) ( [un| ) P10 P1
n=oo  Jaq o |un|? lunll Lo a0)
. v-1
Z hrnlnf/ g'u.( 5u’n«1) ( |Un| > _ @’1)/—1 ¢11n¢1
n—oo Joq |un|7T 1unl Lo (202)
liming [ feltn) @10 ]

n—oo Joq |un|T71

.. gu('uun) bl
MR g a1 1 = B

Y

P Gu ('u un) 1+
[ it o 01 22
where we have used again that ®; > 0 for all z on 012, (6), (68) and Fatou’s Lemma.
Dividing in (70) by ||un||v;1( o) and passing to the limit we obtain the first inequality of
(69). The second inequality is obvious and the third one is obtained similarly to the first
one. ]

We are now in a position to prove the following result, from which stability and instability
will be derived. Note that this result allows us to compare A and p; as A — 0.

Lemma 4.4. Assume the nonlinearity g satisfies hypotheses (H1), (H2) and (H3).

Then, for any sequence of solutions of (2) (An,un) such that A, = o1 and |[un| @) —
00, denoting by p1,n, = p1(—gu(-,un)), the first eigenvalue in (64), we have, if u, > 0

Ee o [ ) i),
Joo @1 Joq @12 "m0 Jag |un | He
- A - A
< liminf ul’"pi_l" < limsup %
nee H“nHLoo(aQ) n—00 ||un||L°0(8Q)
) _
< . lim sup / ung(xuun) _ﬁ‘rngu(xaun)q)i-kp < Fy -
Joa ®12 nooe Joa |un|1+P Joa ®1

A similar statement is obtained for the case u, <0, just changing F, by F_ and F,. by
F_.
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Proof. Taking u,, as the test function in the variational formulation of the first eigen-
function in (64), we have

(11— An) / UnPm = / 19+ t) = Gulestn 1.
onN onN
with @1, = @1 (An, up). Now,

gl Un) — Gul', Un)Un|P1n
~/BQ[ ( ) ( ) ]SD :/ g('aun)_gu('uun)un ( |un| >p<p1 i
[tn]| T (900) 09 |un|? [unll = (00) ’

Let us observe that from the hypothesis (H3), using that ®; > 0 for all z on 9Q and (6),

we obtain
/ g(-,un)—gu(~,un)un [( |un| )p—q)ﬂ P1,n
o0 | ) "

| ]P [tin || Lo (002

<

|t |

P
<0|(mrtay) -
”unHLf’O(aQ)

From (68) and hypothesis (H3), we get

I8

Moreover, using Fatou’s Lemma and the definition of F |, we can write

— 0, as A\, = o01.
Lo (09)

g('u un) - gu(7 un)un
|t |P

O 1,0 — 1| < Cllp1n — P1llLean) = 0, as Ay — o1.

lim inf g un) = gulss un)un ( Un )” P1
n—00 a0 | |? l|lun |l o< (902) "
P
N T ETCOAT R G
n—oo faq |t |P 1nll Lo (a02)

g un) = gul's un)un

. ) -
+nli>néo 90 |un|p ‘1)1 (‘Pl,n (I)l)
—I—liminf/ 9(,un) = Gul's un)un pLtr

n—00  J50 |un|p 1

> lim inf g un) = gul un)un (1)1“) >F,.
5 n—roo |un|P

The other inequality is obtained in a similar way. This concludes the proof of the lemma.
]

With this result, we can proceed now to analyze the stability properties of the solutions
of (2) bifurcating from infinity. The first result provides sufficient conditions for the
stability of positive solutions of (2) bifurcating from infinity. It also states that, under
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those hypotheses, the stable branch is subcritical and unique in a neighborhood of o;. In
other words, as A\ — o7 the branch of unbounded positive solutions of (2) is composed of
stable subcritical solutions and w) is unique for each .

Theorem 4.5 (stability for subcritical equilibria bifurcating from infinity). Assume the non-
linearity g satisfies hypotheses (H1), (H2) and (H3).

Assume also the following condition holds

F, >0 (71)
Then, for A in a neighborhood of o1, the following assertions hold.

(i) The bifurcation from infinity of positive solutions of (2) at A = o1 is subcritical,

(ii) The positive solution of (2) in the branch bifurcating from infinity is unique for
each fized \ = o1. That is, there exists a small 6 > 0 and a large number M > 0
such that for each o1 — 6 < A\ < o1, there is a unique positive solution of (2) uy
with |[ux||L~aq) > M.

Even more, this solution is asymptotically stable and its basin of attraction includes
all initial conditions which are large enough, i.e., satisfying ||uo||Le(a0) > M, with
M large enough and uniform for all 01 —§ < A < 071.

An analogous result holds for negative solutions under the assumption F_ > 0.

Proof. We first prove that F, > 0 implies Qi > 0, which implies that the bifurcation is
subcritical (see Theorem 2.14). Let us consider € > 0 a small number. Now, for z € 92

fixed, we have
g [g(:v, s)} _ _g(@,5) — sgu(w, )

0s s 52 ’

and if we define

oo 59(2,8) = s%gu(z, 5)
£, (z) = lim inf (s

)

we will have that, as A\ — o1, for sufficiently large s > 0 and x € 99

%F&;ﬂg—wﬂmﬁm—d

Integrating now from s to s; we deduce

g(z, 51) . g9(z,s) < E+(I) —¢ (8117—1 _ Sp—l) .
S1 S 1—p

(z,81)

Letting s1 — oo for fixed z € 99, we have £ < — 0, and then

o) | Eola) -
s T 1—-p
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Passing to the limit as A — o1 and s — oo, we get

r _
lim inf s9(x, 5) > £y(@)—e

Q 2
it = 2 T, Vo €0 (72)

Moreover, since (72) is valid for all £ > 0 arbitrarily small, we will have

F
lim inf 59(2,5) > _+(x),
I el i = T

Va € 0.

Multiplying by @}'H’ and integrating on 9 we obtain, from (25),

F
feld :/ liminf 2455 gree 5 Ee g
o A1 [s[MFP L=p
s——+oo

Let us now prove that any positive solution of (2) bifurcating from infinity is stable. For
this we follow the argument sketched at the beginning of this Section. Let us denote by
uy > 0 a solution of (2) bifurcating from infinity. The eigenvalue problem associated to
the linearization around wy, is given by (63) .

Hence, we will show that the first eigenvalue is positive for A close enough to o7. To do
that we note that with the notations in (42) we have that the first eigenvalue of (63)
can be written as A1 = A1(—\ — gu(z,uy)). Then, we consider first eigenvalue pp of the
auxiliary Steklov linearized eigenvalue problem (64). Then, in (64), the notations in (42)
imply that the first interior eigenvalue satisfies Aj(—p1 — gu(x,uy)) = 0. As we show
below that p; > A, we get then Ay = A1(—\ — gu(z,uy)) > 0 and obtain the stability.
Hence, to conclude the proof note that using Lemma 4.4 and the hypothesis (71) we have

s M1 — A E+
h)\rglnf pY > f D2
o1 ||u>\HL°°(8$l) aa +1

> 0,

and therefore ;11 > A for A close enough to 0.

We will now prove uniqueness of large solutions of (2) for fixed A close to o1. From
the previous results there exists a § > 0 small enough, and M > 0 large enough, such
that for A € (01 — §,01), there exists at least one solution of (2) with uy > 0 and
luall Lo (90) > M, and also any such solution is asymptotically stable. Moreover, from
(6) and (7), and maybe choosing a smaller 6 > 0, we have that any positive solution of
(2) u bifurcating from infinity actually satisfies u(z) > M for all z € Q. Let us denote
by €, the set of solutions of (2) satisfying u(z) > M for all x € 2. Our objective is to
show that &, is a singleton.

Since all solutions in £, are asymptotically stable, we will have only a finite number of
them. Moreover, applying [7, Proposition 7.1], we will have that for fixed \ € (01 — 6, 01)
there exists a maximal solution in &, that is, there exists uy € &€\ such that for any
other v € £, we have v < uy.

Let us assume that there exists vy € £\ with vy # u,. By the strong maximum principle,
we will have that vo(x) < ux(z) for all z € 2. Moreover, if we define the set [vo, ux] =
{p € C(Q),v9(x) < p(x) < ux(z)} we will have that this set is positively invariant under
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the flow defined by (1), Th(t). That is, if Tx(t)¢ denotes the solution of (1) with initial
condition ¢ and if ¢ € [vg, uy], then Ty (¢)p € [vg, uy] for all ¢t > 0.

Since T\ (t) is a gradient system (see Section 4.6), then T)(t)¢ must converge to one of
the equilibriums in the interval [vg, u)] which we denote {vg, v1,..., V11 = ur}-

Let us consider now the convex linear combination of the functions vy and wy, that
is, o = (1 — n)vo + Nug1 € [vo,un] for n € [0,1]. Define the function h : [0,1] —
{0,1,...,k + 1} as follows: h(n) = j if T\(t)p, — v; as t — +oo. Observe that this
function is well defined and that we have h(0) = 0 and h(1) = k + 1. Moreover since all
equilibria are asymptotically stable and using the continuous dependence of the solutions
of (1) with respect to initial conditions in finite intervals of time, we can easily show that
h is continuous. Hence, it is a constant function, which is impossible since h(0) = 0 and
h(1) = k 4 1. Therefore, there cannot exist a function vy in &y different from .

The global asymptotic stability (with respect to large solutions of (1)) of the unique
positive large equilibrium of (2) follows as in the proof of Proposition 7.1 in [7]. 4

We state now a result on the instability of solutions for the case of a supercritical bifurca-
tion. Now this result provides sufficient conditions for the instability of positive solutions
of (2) bifurcating from infinity. It also states that, under those hypotheses, the unstable
branch is supercritical and unique in a neighborhood of ;. In other words, as A — o3
the unbounded branch of positive solutions of (2) is composed of unstable supercritical
solutions and u) is unique for each .

Theorem 4.6 (Instability for supercritical equilibria bifurcating from infinity). Assume the
nonlinearity g satisfies hypotheses (H1), (H2) and (H3). Assume also that the following
condition holds

F. <o0. (73)

Then, for A in a neighborhood of o1 the following assertions hold.

(i) The bifurcation from infinity of positive solutions of (2) at A = o1 is supercritical.
(ii) The positive equilibrium solution of (2) contained in the branch bifurcating from
infinity is unique for each \ close enough to o1 and it is unstable.

An analogous result holds for negative solutions of (2) under the assumption F_ < 0.

Proof. To prove that the bifurcation is supercritical we proceed as in the proof of Theorem
4.5. We therefore skip the details here.

To prove the instability, we proceed as in the proof of Theorem 4.5, but now, from Lemma
4.4 we have

. 1 — )\ F+
lim sup p=) < R <0,
A—o1 H’LL)\| Lo (09) a0 *1

and therefore ;11 < A for A close enough to o1, and the equilibrium is unstable.

Now we prove the uniqueness of the solution in the branch. Assume on the contrary that
for some sequence \,, — o1, with \,, > 01, there exist two different supercritical unstable
positive solutions of (2), u, and vy, satisfying (6).
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Note then that u, and v, can not be ordered, since otherwise, there would be a stable
large solution in between. This would contradict the instability shown above.

Let us define w,, = u, — v,, w, which changes sign in 2. By substracting the equations
satisfied by u,, and v, and taking ®; as a test function, we get

(o1 —)\n)/ w1 :/ 900+ 1n) — g, - 00)] @1 (74)
a0 29
Let us write
1
9 An, 2 un) — g(An, z,0,) = wn/ gu(An, 2, Tun + (1 — 7)vy,) dr,
0

and set by, (z) := fol gu(An, 2, Ty + (1 —7)vy,) dr. Using (7) and (H2)-(H3), we can assert
that

b, — 0 in L"(89Q), with r > N — 1. (75)
Set now z, = ”wn”l;’m Then, z, satisfies the following problem
_Azn + Zn = O7 in Q,
Oz Anzn + b () on 09
a_ = n<n n\T)Zn, n )
on

Wlth ||Zn||Loo(5)Q) =1.

From here, taking into account that b, € L"(9€2) for r > N — 1 (see (75)), and using
regularity results for the linear problem (see for instance [7, lemma 2.1]), we then get
[2nllcv @) < C for some v € (0,1). By the compact imbedding Cv(Q) — CP(Q) for
0 < B8 < v, and taking subsequences if necessary, we can assume that z, converges to
z in CP(Q). Hence [|z||p(sn) = 1. Moreover, using (75), z is an eigenfunction of the
Steklov eigenvalue problem (3), associated to the first eigenvalue o1 (see Proposition 3.2
in Section 3). Since this is simple, we deduce either z > 0 or z < 0, and in any case
either z, > 0 or z, < 0, or equivalently either w,, > 0 or w, < 0, which contradicts the
fact that w, changes sign. Therefore, for A sufficiently close to o1 the solution of (2)
bifurcating from infinity is unique. ]

5.  Turning points and the resonant problem

Another interesting question is that of the resonant problem, that is when A = o7. For this
case, we obtain in Theorem 5.1, some Landesman—Lazer type conditions guaranteeing
that the resonant problem has solution; cf. [26]. In the language of bifurcation, these
type of conditions can be stated as: if all the unbounded branches are either subcritical
or supercritical, then the resonant problem has at least one solution.

In Subsection 5.8 we apply the conditions from the sub-super critical bifurcation (see
Subsection 2.3), to obtain Landesman-Lazer type conditions for the resonant problem.

In Subsection 5.9, precisely when Landesman-Lazer type conditions do not hold, we will
state sufficient conditions for the existence of an unbounded sequence of infinitely many
resonant solutions and infinitely many turning points.
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5.8. The resonant case I: at least a resonant solution

We are concerned now with the resonant problem, that is,

—Au+u = 0, in Q,
% = ou+g(z,u), on 992, (76)

where o is an Steklov eigenvalue of (3). We are interested in giving conditions guaran-
teeing the existence of solutions in this case. As a matter of fact, we will see that if all
possible bifurcations of the problem

—Aut+u = 0, in Q,
% = lu+g(z,u), on 08, (77)

with A € R, A = o are either subcritical or supercritical, then the resonant problem
necessarily has at least a solution.

Theorem 5.1. Assume that condition (31) holds, that is, every possible bifurcation from
infinity at X\ = o of problem (77) is subcritical, or condition (32) holds, that is, every
possible bifurcation from infinity at X = o of problem (77) is supercritical. Then, the
resonant problem (76) has at least one solution.

Remark 5.2. Conditions (31) and (32) are known as Landesman-Lazer type conditions.

Proof. Observe first that from Theorem 2.7, for € > 0 small enough, we have that problem
(77) has at least one solution for all A € (0 —¢€,0 + ¢) \ {o}. If, for instance, we assume
that all possible bifurcations occurring at A = ¢ are subcritical, then necessarily there
exists a constant M such that for any A € (0,0 + €) all possible solutions of (77) satisfy
llull L0y < M. This allows us to take a sequence of A, — o and solutions u, of (77)
with [[u,[| L (a0) < M. Using the compactness given by elliptic regularity results applied
to (77), and passing to the limit, we obtain a solution of (76). v

5.9. The resonant case I: Infinitely many resonant solutions
In this Subsection we consider nonlinearities for which
G, <0< Gy,

a condition that somehow reflects some oscillatory character of the nonlinear term
at infinity, which we hope to translate into an oscillatory behavior of the bifurcating
branches. Observe that in this situation, both the criteria for sub/super criticality and
the Landesman—Lazer type conditions do not hold.

In such a situation our goal is threefold: first we give easy—to—check conditions on the
nonlinear term, guaranteeing that in DT there are large subcritical and supercritical
solutions.

Second, the connectedness of DT suggests that we would be able to find an unbounded
sequence of turning points (see Definition 1.1).
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Note that, generically, in a neighborhood of a turning point there are, at least, two
solutions for the same value of the parameter at one side, either A\ < \*, or either for
A > X*. Therefore, turning points are related with multiplicity of solutions.

Third, the connectedness of DV suggests that we would be able to find an unbounded
sequence of resonant solutions.

Related results for the case of an interior reaction term were established in [10], [14] and
[19].

In [10] the author works in a one dimensional problem with an interior reaction term
of the type g(s) 4+ asin(z) + h(x), where g is an s-periodic function of zero mean and
h is orthogonal to the first corresponding eigenfunction. He proves that as the problem
approaches resonance, the number of solutions increases to infinity.

In [14] the authors work in domains  C RY with N > 2 satisfying some geometric
condition, and with a nonlinearity of the type g(s) + h(x), where g and h are as before.
This geometric condition is accomplished in balls when N = 2 and also, when N > 2, in
annular domains {z : a < |z| < b} with a large and b — a small. They proved that the
resonant problem has infinite solutions.

In [19] the authors work in the unit ball B C RY with N > 1. They proved that the
resonant problem has infinite solutions for 1 < N < 5 and at most finitely many solutions
for N > 6.

This Section is organized as follows. In Sec. 5.10 we make precise the hypotheses on
the nonlinearity and present in more detail the techniques we use and the main results.
In Sec. 5.11 we prove the main result of the section, Theorem 5.6, which gives the
existence of unbounded sequences of turning points and resonant solutions. In Sec. 5.12
we illustrate our results with two examples, where we consider nonlinear terms of the

type 5
g(x,s) := s [sin <’%(:1:) ) +C

witha<1,8>0,a+8<1and|C| < 1.

, (78)

5.10. Introduction on oscillatory branches

With respect to the nonlinearity g in (2), we assume the hypotheses (H1) and (H2).

Note that solutions of (2) are determined and estimated in terms of their boundary
values. Therefore, we can look at (2) as a problem posed in a space of functions defined
on 0N.

Now we describe the technique we follow to prove the main result, Theorem 5.6. Note
that this result gives easy—to—check conditions on the nonlinear term, guaranteeing that
in DT there are large subcritical and supercritical solutions. We start out of (5), from
where we know that for (A, u) € D*, with A — o1, we have

u=s®; +w,

where
/ wd; =0 and w = o(s) as s — oo.
G19)
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With this, we are able to prove that if
lg(z,s)| =O(|s]*)  ass— oo,

then
w=0(|s|*) and |01 — Al = O(|s|*™")

as s — 0o (see Proposition 5.4).

Now, consider a sequence (A, u,) € DT with
Ap =01 and  ug| e a0) — 0.

Using the results in Lemma 2.13, to determine whether a sequence of solutions lies at
one side or another of o7 one must check the sign of

.. unQ('a un) 14+a
lim inf P (79)
n—00 o0 |un|1+0‘ 1
and of ( )
. Ung\"s Un) 2 14a
lim sup / ———— (80)
n—oo o0 |un|1+a !

(see also [8, Lemma 3.1]). But this requires a knowledge of the solutions themselves.

Using the previous results, we write
Up = 8n,P1 + Wy,

where
/ wp,®1 =0 and w, = O(]s,|%) as n — oo,
r9)

and we intend to unveil the signs in (79) by just looking at the signs of

nYy\" nq)
liminf/ Lfl)cpl, (81)
n—oo Joq |satTe
and of o
limsup/ —Sng(al’if; 1)@1. (82)
Sp—>00 o0 |Sn|

This is achieved in Lemma 6.4.
With these tools, in Theorem 5.6 we take two sequences {s,} and {s},} satisfying

5,
0 < lim Snig(,s )

oo Jog |Sn|1+0‘ (1)1 < 00,

—00 < lim S;L.g(a‘s;zq)l)

P, <0
/|1 ’
n—too Joq  [sp [T

and from here we obtain the existence of unbounded sequences of sub and supercritical
solutions of (2) in DF.

Finally exploiting the connectedness of DT, we obtain the existence of unbounded se-
quences of turning points and of resonant solutions.
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5.11. Infinitely many turning points and infinitely many resonant solutions

In this section we give sufficient conditions for the existence of a branch of solutions
bifurcating from infinity which is neither subcritical nor supercritical. From this, we
conclude the existence of infinitely many turning points (see Definition 1.1), and an
infinite number of solutions for the resonant problem, i.e., for A = 1. This is achieved
in Theorem 5.6

For this we first consider a family of linear Steklov problems with a variable nonhomo-
geneous term at the boundary h depending on the parameter A

{ —Au+u = 0, in Q,
ou (83)
= Au+ h(x), on 99,

where h € L"(02), r > N — 1 and A € (—00,02).
We use now the decomposition
L"(09Q) = span[®;] @ span[®;]*, (84)
where
span[®;]t = {u € L"(09) : / udy = O},
and then for h € L™(99Q), with r > N — 1, there exisiss2 a unique decomposition
h=a1®1 + hi, (85)

where -
a1 = ‘]59721 and / hlq)l =0.
fasz oy a0

The Fredholm Alternative states that the linear problem (83) has a unique solution if
A # o1, and does not have solution if

A= 01
and
aq }é 0.
Hence, for A # o7 the solution u = u(\) of (83) has a unique decomposition
ay
= d 86
v g1 — )\ ! + b ( )
where
/ w®, =0, and w=w(\) € span[®,]* (87)
o0
solves the problem
—-Aw+4+w = 0, in Q,
0 88
S Aw 4 hi(x), on ON. (88)
on

Note that in (86) the solution w(\) € span[®1]* is also well defined for A = 0.

The next result states that w = w(\) is uniformly bounded if h is so.
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Lemma 5.3. For each compact set K C (—00,02) C R there exists a constant C = C(K),
independent of \, such that for any A € K

lw(A) | o0y < CllR| Lr 50,
where w € span|®1]* is the solution of (86) and hy € span[®:]* is defined in (85).
Proof. Note again that by the Fredholm Alternative the solution of (86), w = w(\) €

span[®,]*, is well defined for any \ € K.

First, we prove that w(\) is uniformly bounded for any A in a neighborhood of ;. Assume
this is not the case. Then, there is a sequence \,, — o1 with [[w ()| £ 90) — oo. From
[7, Corollary 3.2], we have

w()‘n)

— "+ ®; uniformly in Q,
||w()\n)”L°°(aQ)

contradicting the fact that w()\) € span[®;]*. Therefore, there exists some § > 0 such
that
lw(N)||L~ < C independent of A

for any |\ — o1] < 4.

Second,
[lw(A)|| e < 0o for any A € K\ (01 — §,01 + ),

since the linear operator is invertible (see Theorem 2.7 in [7]).

Now we define the family of operators
T(N) : LT(09Q) — L>=(09Q)

by
T(A)h = w(N).

Then, T'()) is continuous for every A € K, and
sup [|T'(A)h| = (a0) < oo
AeK

Therefore, applying the uniform boundedness principle, there exists a constant C' = C(K)
such that

[w(N) |z a0y < CUEK) Rl Lro0)
for any A € K, and we get the result. v

Now we turn into the nonlinear problem (2). Recall that for A close to o1 we have (5),
that is, as A — o1 the unbounded solutions satisfy

u=s®; +w, wherew € span[®;]*, (89)

w=o0(s), ass— 0. (90)
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For later use, we define

P(u) = %. (91)

Then, we give conditions on the nonlinear term g in (2), guaranteeing that in (89) the
order of w in (89) is w = O(|s|*) as s — co. Note that we restrict ourselves below to
the unbounded branch of positive solutions. A completely analogous result holds for the
unbounded branch of negative solutions.

Proposition 5.4. Assume g satisfies hypotheses (H1) and (H2) for o = 0.
Then, there exists an open set O C R x C(Q) of the form

0= {()\,’U,) : |)\—0'1| < 60, ’U,(LL‘) > MQ}

for some small 6y and large My, such that DV, the unbounded branch of positive solutions

of (2), satisfies

(i) There exists a constant Cy independent of X such that, if (\,u) € DT N O and
(A, u) # (01,0), then u = s®1 +w, where s > 0, w € span[®;1]* and

wl[z=@0) < C1l|G1llL-(a0) [s|*
as |s| = oo.

(ii) There exists some constant So > 0 such that for all s > Sy there exists a solution
(A, u) € DTN O satisfying

u =50y +w, withw € span[®]*.

(iil) Moreover, there exists a constant Cy independent of X such that, for any solution
of the type (\,u) € DTN O, u = 5O +w, with w € span|[®;]*, the following holds

lor — Al < Cals|* 1, as |s| — oo,
with "
Cy — | 1HL1(26£2)'
Joo @1
Proof. Note that (H1), Lemma 5.3 and the fact that, from (89),
& +w/s— P; ass— 0
in L*°(09), imply that in fact that
lw] Lo (a0) < C|s|” as s — oo.

This proves part (i).

To prove part (ii) note that DT N O, although not necessarily connected, it has an
unbounded connected component. Hence, using the decomposition (89), we have u =
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s®; +w with w € span[®]+. Since the projection (91) is continuous, the set s € R such
that there exists a solution of (2) with u = s®; + w with w € span[®;]* contains an
unbounded connected set in R.

To prove part (iii), we observe that if (A, u) is a solution of (2), v = s®; + w, with
w € span[®;]*, multiplying the equation by the first Steklov eigenfunction ®; > 0 and
integrating by parts we obtain

(o1 — )\)s/ P? = / g(x,sP1 + w)P. (92)
a0 a0
Taking into account that
|| |s®1 + w| s
and that o
low st t o)l oo o, (94)
|s®1 + w]
we get
A— 01 as s — 0. (95)

Moreover, from (H1), we obtain that

[0}

X R
|S(I)1 +’LU|O‘ !

lg(z, s®1 + w)| = [s]*

(96)
< [sf Ga(a) [ @1 + ="
and therefore
o — A < E':; o &+ 2" e
< ClGillproalsl*
which ends the proof. v

After this, in order to prove the main result, Theorem 5.6 below, we need to guarantee
that the signs in (79) can be determined by the signs in (5.10), that is,

-, 5P -, 5P
lim inf / %‘il)fbl <0< lim sup / %‘il)fbl. (97)
(As)>(o1+00) Jog - |s[HHe (As)=(or.+00) Joo 8|1

In order to guarantee that (97) is enough to conclude the existence of sub and supercritical
solution in the unbounded branch, we will use the following result.

Lemma 5.5. Given h(z,s), differentiable with respect to the last variable, assume that
for some a < 1 there exists a function Hy such that for all s = +00 and x € 02 we have

}h(x, s)

|5

< Hy(x), Hy, € LY(09). (98)
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Assume also its partial derivative 92(-,-) € C(0Q x R), and
oh
sup ||[=—(-,s) =0 (99)
s> || 95 L= (8Q)

as M — +o0.
Let A, — 01, sp 1 00 and wy, in L°(0R), such that

lwnllL(a0) < Clsn|”

as n — oo for some constant C. Then, the following holds

n(I) n h K nq) n o . . nh K nq)
liminf/ (5n®1 + wn)h(-; 50 D1 + wn) @%Jr > hmmf/ w Dy,
n—+o00 J5q |Sn(1)1 +wn|1+0‘ n—+o00 [5q |Sn|1+o‘

and similarly

n(I) n h K n(I) n o . h K nq)
limsup/ (5n®1 + wn)R(:, 501 + wn) Pt < hmsup/ shi;5n 1) Dy.
a0 a0

n—~+o0o |5n(1)1 + wn|1+a n—~+o0o |Sn|1+a

1
Proof. For all (), s) = (01, +00) and for any w € L (99) such that §<I)1 > M, we have
s

(with a constant C' that may change from line to line)

IN

1
oh
/ |h(-, s®1 +w) — h(:, sP1)| P C||wHL°°(6Q)/ ‘/ 8—('78‘1’1+Tw)d7
o0 o lJo 0S8

IN

oh
Cllw|| g sup H— 8P +Tw
Jwllz o) SUP. 55 7501 )

L>°(99) '

Taking into account hypothesis (99), and whenever [[w||z~@q) = O(|s|*), we deduce
that

/ [h(, 51+ w) = h( 8P| g o g H%('vs)
99 |s[® stz 195

—0, (100)
Lo (89)

as A = o1, M — +oo.

Consequently, for ||wy || @) = O(|sn|¥)

nh K nq) n
1iminf/ suh(osn @1t wn) o
a0

n—-+4oo |Sn|1+o‘

. sh(-, 8Py + w) — sh(-, sP1) Lo / Snh(-, 8n®P1)
> 1 by +1 f Aol g
- Aggl 20 ||+ 1+1%gli20 0a  |sn|lte 1 (101)
s——+o00
nh K nq)
= liminf snh(, 5n®1) Dy,

ntoo Joq st

where we used (100).
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Now note that the left hand side above can be written as

th('uan)l +wn) (Sn¢1+wn)h(7sn¢l +wn) Wn, “
o = O+ —| Ds.
|5 | T 1 [ @1+ [T 1+ 5. | 1
Then, (98) and the fact that &1 + w,, /s, — @1 in L>°(9Q) conclude the proof. 4

Now we are in a position to prove the main result in this section that, roughly speaking,
states that if there are a sequence of subcritical solutions and another of supercritical
solutions, since the solution set is connected, there are infinite turning points and infinite
resonant solutions. We state the result for the positive branch. The same conclusions
can be attained for the connected branch of negative solutions bifurcating from infinity.

Theorem 5.6. Assume the nonlinearity g satisfies hypotheses (H1) and (H2). Assume
that the nonlinearity gs(x,s) is differentiable in s and its partial derivative gs(-,-) €
C(0Q x R). Assume also that

-0 (102)
Lo (892)

dg
su —(-,s

as M — +o0.

Assume, moreover, that there exist two increasing sequences {s,}, {s,} both convergent
to 400, such that

5, ®
0< lim sng(LHl)fbl < 0, (103)
notoo Jog o [saltt
and ' &
coo< dim [ 80Py (104)

n—too Jooq syt

Then, in the connected branch of positive solutions bifurcating from infinity, DT, the
following assertions hold.

(i) For sufficiently large n > 1, any solution (A, u) is subcritical if

u‘bl
P(u) = ffag P2 = Sn,
o ~1

and supercritical if P(u) = s,. Consequently, there exist two sequences of solutions
of (2), {(An,un)} and {(N,,ul,)} converging to (o1,00) as n — oo, one of them
suberitical, Ay, < o1, and the other supercritical, X!, > 7.

(ii) There is an unbounded sequence of turning points {(A5,uk)} such that

Ay = o1, lupllLean) — 00, as n — oo.

In fact, we can always choose two subsequences of turning points, one of them
subcritical, N5, 1 < 01, and the other supercritical, A5, > o1.
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(iii) There is an unbounded sequence of resonant solutions, i.e., there are infinite solu-
tions {(o1,un)} of (2) with ||ﬂn||Loo((9Q) — 00.

Proof. From Proposition 5.4, (ii), consider any two sequences of solutions of (2), such
that (A, un) — (01,00) and (N, ul,) — (01,00) in DT with

n? n

P(un) _ fasz un®y

= S0 = i,
Joo @1
and f
u’ (1)1
P(uy,) = % = Sp-
a0 *1
Writing u, = s,®; + w,, with w, € span[®;]*, from Proposition 5.4 (i), we have

HwnHL“’(BQ) = O([|snl¥).

Now, from hypotheses (H1)-(H2), Lemma 2.13, hypotheses (103), and Lemma 5.5, we
get that

Y

- )\n . n(I) n ‘Y n(I) n o
(/ @%) lim inf 1" A — lim inf (sn®1 +wn)g(, 5 Hla—i_ v )<I>%+
20 n—oo HunHLOO(BQ) n—oo Jaq |5nq>1 + wn|

v

ny\ n(I)
liminf/ gl sn®l) g
o0

n——+00 |Sn|l+a
(105)
and therefore \,, < o1.

/

Analogously, for (A, ul,) we get A], > o1. Hence (i) is proved.

To prove (ii), assume, by choosing subsequences if necessary, that s, < s/, < s, for all
n > 0 and that s,, s}, > Sp, where Sy is the one from Proposition 5.4 (ii). In particular,
from (i) and (ii) of Proposition 5.4 we have that if (A\,u) € DT and P(u) = s > Sp, then

ull L o) < (1 + C1l|G1ll o0y S0l*)s.

Again, taking Sy large enough we can assume [|ul| - (a0) < 2s.

Define the set
K, ={(\u) e D" : P(u) =sands, <5< 8,41} (106)

Let us show that, for each n € N, K, is a compact set in R x C(2).

Let us take a sequence in (ug,vr) € K, and let us extract a subsequence, that we also
denote by (p,v) with the property that py — p*. Obviously s, < P(vg) < 8,41 for all
k, which implies the bounds |[[vk||c(a0) < 25n+1 for all k.

Using these a priori bounds on the solutions, we have (see |7, Proposition 2.3])

[vkllcaqay < C1 (1 + [lvkll L~ (a0)) < C,
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for some C' independent of k. Using the compact embedding C%(Q) — C?(Q) for 0 <
B < a, we obtain that there exists another subsequence, that we denote the same, and a
function u* € C#(Q) such that vy — u* in CP(Q). Observe that vy, satisfies

Avg +v, = 0, in Q,
Ovn - _ vg + g(x,v), on O
(9n - luk k g s Uk )y 9

and the regularity of g implies
g9(ve) = g u®)
pointwise. Now, hypothesis (H2) and the Lebesgue dominated convergence Theorem
imply that
g(,vr) = g(-,u™)in L™ (09)

as k — oo.

Passing to the limit in the weak formulation of the above equation, we get that u* is a
solution of

—Au*4+u* = 0, in Q,
6 *
81:1 = p'ut+g(z,u’), on o,

while the convergence of v implies s, < s* = P(u*) < sp4+1. Hence, (u*,u*) € K,,. This
shows the compactness of K.
Observe that since s, < s, < Sp41, there exists (\,u) € K,, with A > o1. Hence, if we
define the number

Ar =sup{A: (\u) € K, }, (107)

then A > o1, and from the compactness of K, there exists u’ such that (A}, u}) € K.
From (i) and the fact that A > o1, we have that

Sp < P(u}) < Spy1.

But this implies that there is no solution (A,u) nearby (Af,u}) with A > A\:. If this
were the case, then by continuity of the projection P we would have for such a solution
Sn < P(u) < $p41, so that (A, u) € K,, and therefore A} would not satisfy (107). Hence,
(A\r,uk) is a supercritical turning point.

With a completely symmetric argument, using the sets

K, ={(\u) eD", : Plu)=s, s, <s<sh. 1},
and defining M., = inf{\ : (\,u) € K}, we show the existence of u, such that
(Asns Usn) € K, is a subcritical turning point.

In order to prove the existence of resonant solutions, let us show now the following:
there exists ng € N large enough such that for each n > ng both sets K, and K, contain
resonant solutions, that is, solutions of the form (o7, u).

Let us provide the argument for the sets K. If this is not the case, then there will exist
a sequence of integers numbers n; — +oco such that K,,; does not contain any resonant
solutions. This implies that the compact sets

K;; ={(\u) e Ky, : A > 01},
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can be written as K\ =D+ N {(\,u) € R x C(09) : A > 01, 8,; < P(u) < sp;11}, and
therefore Kjl‘] contains at least a connected component of D*. Moreover, it is nonempty,
since we know that there exists at least one solution (A, u) with P(u) = s;,. € (8n;, $n;+1),
and therefore A > ;. The fact that we can construct a sequence of connected componets
of DT contradicts the fact that DT is a continuum near (o1, +00) € R x C(Q).

A completely symmetric argument can be applied to the sets K. ]

With the tools above we can prove now the following.

Corollary 5.7. With the definition of K, and X} as in the proof of the theorem above
(see (106) and (107)) we can show that, for n large enough,

{A: A > 01 and Fu with (A, u) € K.} = [o1, A}
Similarly, with the definition of K|, and A, we have

{N: X< o0y and Fu with (\,u) € K} = [Aan,01].

Proof. Assume the first statement is not true. This means that there exists a sequence
of nj = 400 and a number A,; € [01, A}, | such that there is no function u € C(£2) with

(E\nj,u) € K,,. Since we know that (A}, ,u;, ) € Ky, then necessarily o1 < an <AL
Defining now

Kn, ={(Mu) € Kpnj, A > Ay, b

then Knj # 0 since (A ,u;, ) € Ky, and with a similar argument as in the proof of

the theorem above, we may show that K, contains at least a nonempty connected
component of DF. The fact that this can be obtained for the whole sequence n; — +00
is in contradiction with the fact that DT is a continuum near (o7, +00) € R x C(Q).

A symmetric argument will show the second statement. v

5.12. Two examples
An oscillatory nonlinearity

Let us consider an oscillatory nonlinearity of the type (78), that is,

. S ?
glx,s):=s [sm <‘m )—i—C’

Applying Theorem 2.14 on subcritical and supercritical bifurcation, we have that if 5 € R
and C > 1, orif 8 <0 and C > 0, then G, > 0, and the bifurcation from infinity is
subcritical (see (25) for a definition of G, ).

witha < 1. (108)

On the other hand, if 5 € R and C < —1, orif 3 < 0 and C < 0, then G, > 0, and the

bifurcation from infinity is supercritical.
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(A ,s) Region for a possible bifurcation diagram
of positive solutions (A ,s®+w)= ( ol,oo)

Figure 1. The (), s) region in R? for a possible bifurcation diagram is the interior of the solid lines.
From part (z) of the Theorem 5.6, the unbounded branch can not cross the solid horizontal lines.

Therefore, we consider here the range f > 0 and —1 < C' < 1, and note that Theorem
5.6 applies if
8 >0, a+ 8 <1, and -1<C<1.

Therefore, in this range of parameters, there exist unbounded sequences of subcritical and

supercritical solutions, subcritical and supercritical turning points and infinite resonant
solutions.

See Fig. 2 to visualize the parameter region and a bifurcation diagram.

Remark 5.8. The restriction o + 8 < 1 on the size of S is needed in order to satisfy
condition (102). This restriction means that although we need “oscillating” nonlinearities
g, the oscillations cannot be very fast.

Although in principle the condition a4 < 1 seems like a technical one (as it is suggested
by the analysis of the one dimensional problem of the next section), it may be possible
that for higher dimensional problems, some kind of homogenization phenomena may take
place for very high oscillating nonlinearities that prevent the formation of turning points
and/or resonant solutions.

This is also suggested by [19], where they show that with « =0, 8 =1,if 1 < N <5
there are infinitely many solutions, while for N > 6 there are just a finite number of
them.

Remark 5.9. We can also consider more general oscillatory nonlinearities of the type

g(x, 8) = g1(\, x)s” [sin O%(x)
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Figure 2. A bifurcation diagram of subcritical and supercritical solutions, containing infinite turning
points and infinite resonant solutions.

where g1,g2 € C(R x 99Q), g1(A\,2) >0, g1 20, and —1 < Cy < ga(A\,2) < Cy < 1, and
also for the same range of parameters a <1, >0, a+ 8 < 1.

An oscillatory branch for the one dimensional case
Now we consider the onedimensional version of (2), given by (35) for a particular g, where
most computations can be made explicit (see Subsection 2.4).

Fix now
g(s) = s sin(s”) for any o < 1, 5> 0.

From definition (25) we can write

G = / Ui fuf Sgl(i e :/ liminf sin(s”) ' = _/ o1t <0,
9 s—+oo 8] ) 5o »

§+ = / lim sup Sgl(i)l (I)lJra:/ lim sup Sin(sﬁ) @HQZ/ <I>1+a>0,
90 s—+o0 |S| 50 s—+oo -

and then G <0< Gy.

Moreover, by looking in (37) at the values of r € R such that A(r) = o1, we get that
(01,ur) is a solution for any k € Z, where

Er)L/P
ug(x) = (e—l)—l (e +e!™™),
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i.e., there is an unbounded sequence of solutions of the resonant problem (see Fig. 3).

Moreover, computing in (37) the local maxima and minima of A(r), we get that (A}, u})
is an unbounded sequence of turning points, where

(1) a

A= 01— e
and p
* i [(2k + 1)7T]1 x l1—z
up () = 2(67"'1)(6 +e )

(see Fig. 3).
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4996 ——
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(=]
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499 ———
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4993 ———

4992
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4991

4991 E—

499 499
-5 0 5 -5 0 5

}\_01 X 1073 )\_0-1 X :|.073

Figure 3. a = 0.5, =09 and g =1.1.

6. Stability switches

In this Section we consider solutions to the elliptic problem with nonlinear boundary con-
ditions (2), assuming that ¢ is sublinear at infinity and oscillatory. We provide sufficient
conditions on g for the existence of unbounded sequences of stable solutions, unstable
solutions, and turning points, even in the absence of resonant solutions. The main dif-
ference with Section 5 is that our arguments rely on proving stability switches, instead
of in the cross of the principal eigenvalue. In fact, we provide sufficient conditions for
having infinitely many stability switches in a subcritical branch, without no one resonant
solution (see Theorem 6.1 and Theorem 6.5).
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6.13. Introduction to stability switches

Throughout this Section we assume that the nonlinearity satisfies hypotheses (H1), (H2),
(H3) and, moreover, we consider the following extra hypothesis.

(H4) The second partial derivative gss(A, -, ) € C(92 x R) is such that

gss('7 S

sl

-0 as M — oo and A = o;. (110)
L= (09)

sup
[s|>M

Let {0;}32, denote the sequence of Steklov eigenvalues of the problem 3. We recall that
the Steklov eigenvalues form an increasing sequence of real numbers, {0;}7°,. Each eigen-
value has finite multiplicity. The first eigenvalue o7 is simple and, due to Hopf’s Lemma,
we may assume its eigenfunction ®; to be strictly positive in . The eigenfunctions are
orthogonal in L?(912), and we take || ®1]| = (a0) = 1.

As stated in Theorem 2.10, due to (H2) there exists a connected set of positive solutions

of (2). We denote it by DT C R x C(£2), and recall that for (A, uy) € DT,
u=s®; +w, with w=o0(|s]) and |o1— A =0(1) as|s|— oc.

The set DT is known as a branch bifurcating from infinity in the sense of Rabinowitz (cf.
[31, 7)).
For (A, uy) € DT we say that uy is a stable solution if there exists a neighborhood of uy

in C(Q) such that, for initial data in that neighborhood, the solution to the parabolic
problem

u—Aut+u = 0, in Q x RT,
0
8—” = Au+g(z,u), on 09 x RT, (111)
n
U(O,.I) = UJO(I)) in Qv

converges to uy as t — 4o00. On the other hand, we say that wy is unstable if any
neighborhood of uy contains initial conditions such the solution to (111) leaves that
neighborhood in finite time. That is asymptotic stability in the Lyapunov sense.

Our goal is to give conditions on the sublinear oscillatory term ¢ that guarantee the
existence of unbounded sequences of stable solutions, unstable solutions and turning
points (see Definition 1.1 of turning points).

Our main result, Theorem 6.5 below, is exemplified by the case in which

. S p
g(x,s) ==s [sm(‘m )—I—C

In fact, we have the following result (the proof of this Theorem follows directly from
Theorem 6.5, we do not include it here, and leave it for the reader).

Theorem 6.1. Assume that g is given by (112). If

, with o < 1. (112)

8>0 and a4+ B <1,

then the unbounded branch of positive solutions of (2) contains a sequence of stable
solutions, a sequence of unstable solutions and a sequence of turning points.
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In Figures 4 and 5 we plot the bifurcation diagram in the one dimensional case for g as
above. Figure 6 sketches the changes of stability of solutions.

Remark 6.2. Assume that C' > 1 in equation (112); then, the bifurcation is subcritical
(see Theorem 2.14), on the other side, if C' < —1, then the bifurcation is supercritical,
and in any case there are not resonant solutions, and results on Section 5 does not apply.

Instead of that, changes of stability are the key in this situation. Let us point out that
Theorem 6.1 apply for any C € R.

«10° 0=0.1, B=0.4, C=0.5 < 10" @=0.1, p=0.4, C=-0.5
5 ‘ 5 : ‘
4.5 45
4 4
35} 35
3 3
© ©
& 2s & 25
B B
2t 2
15 15
1t <] 1 1t
>
<] <>
05} = 1 05f —
<: <>
0 L — 0 L L
=2 -1 0 1 -1 0 1 2
A-o, x107 A-o, x107

Figure 4. Bifurcation diagram having infinitely many sub-critical solutions (A < o1), super-critical
solutions (A > o1), stable solutions, unstable solutions, turning points and resonant solutions (A = o1).

Our result is sharp in the fact that, if condition (118) fails, all solutions in Dt may be
either stable or unstable for s big enough (see Theorem 4.5).  Our result proves the
existence of infinitely many turning points, even in the absence of resonant solutions (see
Figure 5). There it can be seen that the unbounded sequence of turning points given
by Theorem 6.5 can be either subcritical (i.e., for values of the parameter A < o1), see
Figure 5 left, or supercritical (i.e., for for values of the parameter A > o1), see Figure 5
right, or may have a sequence of subcritical solutions as well a sequence of supercritical
solutions. Hence, by connectedness of DT, the branch contains infinitely many resonant
solutions (i.e., for A = 1), see Figure 4.

The main difference with Section 5 is the possibility of existence of a subcritical (or
supercritical) branch. Precisely, the main ingredient for the proof of the existence of
infinitely many turning points in Section 5 was the existence of infinitely many subcritical
and supercritical solutions in a connected branch, and consequently of infinitely many
resonant solutions.

Related results for the case of a nonlinear reaction in 2 and homogeneous Dirichlet
boundary conditions were established in [10, 14, 19, 25]. In [19] the authors work in
the unit ball B ¢ RY with N > 1, and the nonlinear term is Au + sin(u). They proved
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Figure 5. A bifurcation diagram of stable and unstable solutions: on the left all of them are subcritical,
on the right all of them are supercritical, and none is resonant.

that when A = Ay, the first eigenvalue with Dirichlet boundary conditions, the problem
has infinitely many solutions for 1 < N < 5, and at most finitely many solutions for
N > 6. Similar oscillatory phenomena, sometimes known as snaking bifurcation, can be

observed in higher-order PDE (cf. [35] and [23]). We refer the reader to [20, 21] for
related problems with nonlinear boundary conditions.

This section is organized as follows. In subsection 6.14 we collect some essentially known
results on Lyapunov stability. Subsection 6.15 contains our main result, giving sufficient
conditions for having stable and unstable solutions. Finally, subsection 6.16 presents two
examples, the typical oscillatory nonlinearity (112) and the one dimensional case.

6.14. Lyapunov function and stability

For X fixed we consider
1 A
I(u) = —/ (IVul]® + u?) — —/ u? — G(-,u),
2 Ja 2 Joa le)

where G(\, z, s) := f;o g(x,t) dt for some sp > 1 fixed. An elementary calculation shows

d
that if u is a solution to the parabolic equation (111), then El(u(t)) = I'(u(t))us <0,
i.e., I is Lyapunov function for the parabolic problem (111).

Moreover, if uy is a solution to (2), then it is a critical point for I. Furthermore, u) is
stable if the quadratic form

Qi (v) = / Vol + 0% — / IO + gu(-, une?) (113)

is positive definite. On the other hand, if ), is negative definite in one direction, then
uy, is unstable. Thus we have

[Revista Integracion



Bifurcation for an elliptic problem with nonlinear boundary conditions 205

« 10 a=0.39, p=0.2, C=0
2.4

2.2}

12 . . . . . .
-2 -15 -1 -0.5 0 0.5 1 15

A-0, x107

Figure 6. Bifurcation diagram and sketch of the stability of solutions, 4 for stable solutions and — for
unstable solutions. The symbol * marks turning points and o resonant solutions.

Lemma 6.3. If u1 = p1(\, uy) denotes the principal eigenvalue of

“Aprter = 0, in §,
i 114
% = e+ gs(A 2 un)er, on 09, (114)

then uy is stable if p1 > A. Also uy is unstable if p1 < A.

Proof. Suppose p1 > A. The variational characterization of pp states that

|Vul? 4+ u? — / gs(\, -, un)u?
a0

 weHN(Q) Joq u?

Therefore, for any u € H*(Q) \ {0} we have

Og/ |Vu|2+u2—/ u1u2+gs()\,-,u,\)u2
Q a0

</ |Vu|2—|—u2—/ Au? 4 gs (N, - uy)u.
Q a0

Hence Q. is positive definite and wu) is stable.

On the other hand, if p; < A, letting (1 denote the eigenfunction corresponding to the
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eigenvalue pq, then
0:/ ||V<ﬂ1||2+90§—/ et + gs(A, - un) et
Q o0
> [ 19l + 6t = [ g+ .00 m)et
Q o0

Thus Q,, is negative definite in the direction of ¢, which proves that u is unstable.

6.15. Infinitely many stability switches

This section is devoted to giving sufficient conditions for the existence of unbounded
sequences of stable solutions, unstable solutions, and turning points of (2).

Let « be the rate with which g goes to infinity (see (H2)), and p be rate with which
g — 895 goes to infinity (see (H3)). In the first place we note that even if a # p, then the
boundary Steklov eigenvalue pu3 — o1 and the boundary Steklov eigenfunction p1 — ¥
as A — o1 and ||ul|Laq) — oo (see Lemma 4.3).

Next, we analyze the changes of stability. To do that, we look at a detailed account of

the asymptotic behavior of the nonlinear term

. — 2 .
E_;’_ — / 1iminf Sg( 58) 15 gS( 58) @%“Fp’
50 (A8)—(01,+00) |s[1+e

for p < 1. Changing lim inf by lim sup, we define the number F . If
F, >0, then DV is stable and subcritical
(see Theorem 4.5), and if
F,. <0, then DT is unstable and supercritical
(see Theorem 4.6). In this Section we consider nonlinearities for which
F, <0<F;.

Unlike the case F, > 0, or F, < 0, our assumption F L <0< F, allows for the

existence of sequences of stable supercritical solutions and unstable subcritical solutions
(see Theorem 6.5).

We shall argue as in Subsection 2.3 for the sub-critical and supercritical case. To deter-
mine whether a sequence of solutions (A, u,) is stable or unstable, one must check the
sign of

lim inf F'(u,) and of limsup F(uy,), (115)

n—00 n—o00

where F is defined by (117). This is done in Lemma 4.4. But this requires an a priori
knowledge of the solutions themselves, which is in general impracticable.

In Proposition 5.4, it is proved that when ¢ is such that

lg(x, s)] = O (|s|¥) as |s| = oo for some a < 1,
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then, the solutions in D* can be described as
Uy, = S, P1 + W, where / w,®; =0, and wy, = 0(]sn]®) as n — oo,
Fle)

and we intend to unveil the signs in (115) by just looking at the signs of those liminf at
An, = o1 and u,, = s, ®1. This is achieved in Lemma, 6.4.

With these tools, in Theorem 6.5 we take two sequences {s,} and {s},} satisfying

—00 < lim F(s),®) <0< lim F(s,®) < oo, (116)

n—-+oo n—-+o0o

and from here we obtain the existence of unbounded sequences of stable and unstable
solutions of (2) in DT.

We will use Lemma 4.4, that allow us to compare A and p; as A — 0.

In order to prove the main result, we have to guarantee that the signs in (115) can be
deduced from those of (116). This is stated in the following technical result, which is
Lemma 5.5 applied for h = g — sgs.

Lemma 6.4. Assume that g satisfies hypotheses (H1), (H2), (H3) and (H4).

If Ay = 01, 5, T 00 and there exists a constant C' such that ||wy| L= @0) < C|sa|* for
all n — oo, then

liminf F(s,®1 + wy,) > liminf F(s,®;),

n—-+o0o n—-+oo

where F is given by (117). Similarly,

limsup F(s,P1 + wy) < limsup F(s,P1).

n—-+o0o n—-+oo

We are now in a position to prove our main result, which states the existence of un-
bounded sequences of stable solutions, unbounded sequences of unstable solutions and
also unbounded sequences of turning points.

Our main result is the following.

Theorem 6.5. Assume the nonlinearity g satisfies hypothesis (H1), (H2), (H3) and (H4).
Let F : R x C(2) — R be defined by

ug(-,u) —ulgs(-,u) 4
F(u) = /6Q 9( )|u|1+pg( Jgite (117)

If there exist sequences {sn}, {s,,} converging to +o00, such that

lim F(s),®) <0< lim F(s,®1), (118)

n—-+oo n—-+oo

then

(i) There exists a sequence {(An,un)} € DT of stable solutions to (2) and a sequence
{(\,,ul,)} € DT of unstable solutions such that (An,|Jun| L~ (00)) = (01,00) and
(A%, ||u’/n,||L°°(8Q)) — (01,00) as n — oo.
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(i) There exists a sequence {(\:,uX)} € DT of turning points such that
(A lun Il o)) = (01,00) as n — oco.

Proof. (i) To prove the result, we show that from (118) we can find two unbounded
sequences of solutions {(An, un)}, {(A,,u,)}, with Ay, X}, close enough to oy, such that
P = pr(Ansun) > Ay and pi, = pi(A,,u;,) < A, respectively, and then we use
Lemma 6.3. We below focus in the stable case and the unstable one is analogous.

Since the projection of the unbounded branch of positive solutions on span|[®;] is an
interval [sg, 00), choose (A, upn) — (01, 00) such that

with s, as in (118). Writing u,, = s,$1 + wy,, from [9, Proposition 3.2] and hypotheses
(H3), we obtain that w, = O(|s,|*).

Taking into account Lemma 4.4 we have

lim inf uli > lim inf A,

nee H“nHLoo(aQ) nree ||u"|L°° (89)

> TR lim inf P (A, ). (119)

Applying Lemma 5.5 to the function h = g — sgs, by hypothesis (H2) - (H4), and (118),
we infer

lim inf F(s,®1 + wy) > liminf F(s,®1) > 0. (120)

n—oo n—-+oo
The inequalities (119)-(120) imply that pq,, > A, for A, close enough to o;. Likewise, it
can be proved that ) ,, < A}, for A}, close enough to o1, ending this part of the proof.
(ii) To achieve this part of the proof, we use Leray-Schauder degree theory. Let

K, ={\u) €D :P(u)=s and s, <s<s)}.

For each n € N, K, is a compact set in R x C(Q) (see for instance [9, Proof of Theorem
3.4]). For each n € N fix, let Ay := min{ : (\,u) € K,}, and likewise A;q,. Assume
on the contrary that K, contains no turning point. In other words, assume that for each
A € [Amin, Amaz] there exist a unique solution uy € K.

For any b € L1(09Q), ¢ > 1, there exists a unique solution of

{ —Av+v = 0, in Q,
v
% = b, on 0f).

Moreover, ||[v||w1r0) < C[lb]l Laon), With p = g5~5. We denote it by T(b) = v and

S(b) :=~T(b), where v : WHP(Q) — W=Y/PP(90Q) is the trace operator.

The operator S is known as the Neumann-to-Dirichlet operator. If ¢ > N — 1, then
the map S transforms L?(9Q) into C7(99) for some 7 € (0,1), and is continuous and
compact (see for instance [7, Lemma 2.1]).
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Let H : [Amin, Amaz] X C(0Q2) — C(99) be the homotopy defined by
H(\ u) := ASu+ S(g(-,u)).

Hence, the fixed points of H (), -) are the solutions to (2). Let € > 0; writing u = s®; +w,
and due to ||w|[z=(a0) = O(|s|*) with o < 1, we obtain [[u — s®1|| ;= @q) < es for any s
big enough.

Now consider the Leray-Schauder degree of I — H(,-) with respect to zero, in the set

O = U {u S O(Q) : Hu — Sq)lHLOO(BQ) S 265}

5€[sn,57,]

From the homotopy invariance property, deg;¢(I — H(A,-),0,0) is well defined and
independent of A for A € [Amin, Amaz]- In particular,

deg; (I — H(Ap,-),0,0) =deg; (I — H()\,,-),0,0). (121)

Since from part (i) A, < pi1,n, the linearized operator I — A,,.S — S[gs(z, un)-] is invertible
and consequently u,, is an isolated fixed point. Therefore the fixed point index is well
defined, and moreover

i (HAn, ), un) = degpo(I — AnS — S[gs(z, un) ], 0,0) = (=1)"*) =1,

where m()\,,) is the sum of the algebraic multiplicities of the eigenvalues of the lineariza-
tion strictly smaller than A, and m(\,) = 0 if the linearization has no eigenvalues f;
of this kind.

Moreover, from hypothesis u,, is the only solution in K,, for the value of the parameter
A =\, so we deduce deg; (I — H(Ap,-),0,0) =i (H(An, "), un).

On the other side,
i (H(/\;u )7“’;1) = degLS(I - A’/H,S - S[QS(ZE, un))a 0, O] =-1,

and likewise deg; (I — H(N,,),0,0) =1 (H(\,,-),u,,) = —1, which contradicts (121)

n

and the proof is accomplished. v

6.16. Two examples
The oscillatory nonlinearity

We summarize some known results for the nonlinearity (112). In Section 2 it is proved
that if @ < 1, for any f € R, and C' € R, there is an unbounded branch of positive
solutions (see Theorem 2.7). Assume from now in advance that 8 > 0. In Theorem
2.14 it is proved that if C' > 1, then the bifurcation is subcritical, while if C' < —1, the
bifurcation is supercritical, and in any case there are no resonant solutions (see Figure 5).
In Theorem 5.6 it is proved that if 8 > 0, a«+ 8 < 1, and |C| < 1, there exist unbounded
sequences of subcritical and supercritical solutions, subcritical and supercritical turning
points and infinite resonant solutions (see Figure 4). Case |C| =1 is a critical case. In
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this particular example, if |C| = 1 we have an infinite sequence of resonant solutions
given by
ug(z) := [(2k £ 1/2)7]YPdy(z),  k>0.

In this section we proved that if
B >0, a+p <1, and vC € R,

then the unbounded branch of positive solutions contains a sequence of stable solutions,
a sequence of unstable solutions and a sequence of turning points (see Theorems 6.1 and
6.5).

Note that if « + 8 > 1, then gs; /& 0 as s — oo, and therefore the eigenvalue of the
linearized equation does not converge to the first boundary Steklov eigenvalue, i.e., p,
o1 as n — 0o (see Lemma 4.3 for a4+ 8 < 1). In addition, condition (H4) in Theorem 6.5
cannot be satisfied, and stability of the solutions cannot be deduced from the signs on
multiples of the eigenfunction (see the arguments explained at the beginning of Subsection
6.15 and also Lemma 5.5). Thus, the restriction o + 5 < 1 is needed to guarantee both,
for the convergence of eigenvalues and eigenvectors to o7 and ®;, respectively, and for
hypothesis (H4) to be satisfied.

An example for the case N =1

We make explicit some ideas on the one dimensional case for the problem (35). We know
that the bifurcation problem is a two parameter nonlinear problem that can be treated
using finite dimensional techniques (see (36)).

Choose g(z,s) = s* sin(s”) for any a < 1, 8 > 0 (see Fig 7).

«10° 6=0.6, B=0.3,C=0 x10° 0=0.8, B=0.3,C=0
3 ‘ ‘ 3 : :
2.5f 1 2.5f
2 2
©
g./ 15f 1 15
@
1 1
0.5t 1 0.5t -
<]
0 <] . \ 0 <>
01 ©0 01 02 03 -04 -02 0 02 04
)\—cl )\—01

Figure 7. A bifurcation diagram of changing stability solutions; on the left « + 8 < 1, on the right
a+ > 1, and in both cases A\ — o71.
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The eigenvalue of the linearized equation is

e—1 N sin [[s(e + 1)]]
e+1 [s(e+ 1)1~

ul( —0s (/\(s), ° us)) = — [s(e+ 1)]0”“8_1 cos [[s(e + 1)]6} .

If
2k + 1)m <0
st =4 CEEDT 0 gien pn(Ms)us) — As) =0,
2 <0
2km ’

and we can conclude that (o1, usg41), where

[(2k + 1)x]"/?

pr (e” + ') for any k€ Z,

Uggt1(T) 1=
is a stable solution. Likewise, (01, uak) is a sequence of unstable solutions, where

2km)!/”
ugg(z) == %(em +el7?) for any k€ Z.

Moreover, (A}, uf) is an unbounded sequence of turning points, where

[(2k + 1)m)'/?

e—1 (-DFa ern
w@) = e

k= 1 - [(k+1/2)ﬂ']170‘7 E (61 +el—m)'

The bifurcated branch from infinity contains stable and unstable solutions, and there
is an unbounded sequence of turning points. See Figures 4, 5 and 3 for a bifurcation
diagram when N = 1. In that case, there is not restriction on the size of 5 (see Fig. 7).

We notice that with respect to the linearization, the things are different depending on
a—+ 3. Note that if a+ 8 > 1 then (/\(s), “ us) -+ 01 as § — o0o. On the other hand,
the eigenvalue of the linearized equation satisfies pi; (/\(s), -,us) — 01 as s — 09,
whenever oo+ 3 < 1 (see Fig. 8).

Moreover, if a + 8 < 1,

2
— cninf 29 T 5 9s m1tats
Ee = /aszlﬁl?ﬁ&f |5|1+a+ﬂ¢

= / lim inf —ﬂcos(sﬁ) Ppltats — -8 (I)1+a+ﬁ,
q St 5%

2
F. o= : 59 = 5 9s g1+atB
F, = / limsup ——-+
i o2 sa s Js[Fate

= / limsup —f3 cos(sﬁ) pltotf = plrath
o s—+oo o0

i.e., E+ <0< F+.
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x10° 0=0.6, B=0.3,C=0 x10° 0=0.8, p=0.3,C=0
3 : 3 : ‘
25 1 25f
2 2

31-5' 1 15F <> i
1f 1 1f < 1
I
L < ]
—

>
05f <] 1 05
<>
—
% -05 0 o5 4 o 0 2 4
H-0, H-0,

Figure 8. The difference between p — o1. On the left a + 8 < 1, and p — o1; on the right a + 8 > 1,
and p 4 o1.

7. Bifurcation from zero

In this section we will consider the case where bifurcations from the trivial solution
may occur (cf. [15, 12]). For this, we will need to assume that the nonlinearity g is
g(x,u) = o(u) as u — 0.

We consider problem (2), but, instead of specifying the behavior of the nonlinearity g for
large values of u, we consider the behavior of g for small values of u. That is, we assume

(H5) g: 092 xR — Ris a Carathéodory function (i.e., g = g(z, s) is measurable in x € €,
and continuous with respect to (), s) € R x R). Moreover, there exist G; € L"(9)
with 7 > N — 1 and continuous functions A : R — R*, and U : R — R™, satisfying

llg(x, )| < G1(x)U(s), V(z,s) € R x 00 x R,
fim ) g,
|s|=»0 S

which in turn it implies that

lim sup
|s|—0

that is, the function g is sublinear at 0 in the variable s.

We have the following result.

Theorem 7.1. Consider problem (2) and assume that the nonlinearity g satisfies condi-
tion (H5). If o is an Steklov eigenvalue of odd multiplicity, then the set of solutions of
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(2) possesses a component emanating from the bifurcation point (o,0) € R x C(2). More-
over, this component, either it is bounded in R x C(Q), in which case it meets another
bifurcation point from zero (that is, another point (¢’,0) for another Steklov eigenvalue
a’), or it is unbounded.

Proof. The proof of this result follows the general results on bifurcations from the trivial
solution given in [30]. See also [3] for similar results when the nonlinearity is in the
interior. ]

Remark 7.2. Observe that it is possible to have nonlinearities where both situations, the
one from Theorem 7.1 and that from Theorem 2.10, hold. This is the case, for instance,
where the nonlinearity g(x,u) is o(u) at v — 0 and at u — oo. In this situation, both
Theorems apply and if o is an Steklov eigenvalue of odd multiplicity (for instance the
first one) then both bifurcations, from zero and from infinity, occurs at this value of the
parameter.

7.17. Resonant solutions and turning points accumulating to zero

g(z,s)

We consider the elliptic equation (2), where now the nonlinear term —0as |s| =

0, and g is oscillatory. We provide sufficient conditions on g for the existence of sequences
of resonant solutions and turning points accumulating to zero. A typical example of such

agis ,
g(x,s) = s [sin (‘%@) ) +C

where ®; stands for the first eigenfunction of the Steklov eigenvalue problem (3). The
first eigenvalue o is simple and, due to Hopf’s Lemma, we may assume its eigenfunction
@, to be strictly positive in €2, and we take || 1| a0) = 1.

witha+8>1, <0, (122)

While in [9], [11], the case a4+ 8 < 1, 8 > 0 is treated, we focus now on a+ 3 > 1, 8 < 0,
inside of the complementary range. The case with o < 1 corresponds to a bifurcation
from infinity phenomenon (see Theorem 2.10, and also [7, 8, 9, 11, 31]). On the contrary,
the case with & > 1 corresponds to a bifurcation from zero phenomenon (see Theorem
7.1, and also [7, 15, 30]).

The oscillatory situation is in principle more complex than the monotone one, since order
techniques such as sub and supersolutions are not applicable.

We perform an analysis of the local bifurcation diagram of non-negative solutions to (2),
which turns out to be different from the case o < 1 (see Figure 9 for @ > 1, and Figure
10 for a < 1, and observe the different scales).

Throughout this Section we assume, besides (H5), that the following hypothesis hold

(H6)
lim sup Uls)

< 400 for some o > 1.
|s|]—0 |s|
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<
0.9 = 0.9 > 0.9 0.9
<] <
08 ™ 038 > 08 08
0.7 <> 0.7 <> 0.7 0.7
—~ <] — S| — —~
© 06 7 Q 06 <§ Q© 06 Q© 06
:'__| 05 E :'__| 05 :> i| 05 :| 05
= 04 = 0. = = o4 = o4
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0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
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A—O_ xw0* A—O  xw0* A—0. xw0° A—0. xw0°
1 1 1 1
C=05 C=-05 C=05 C=-05
a=3 a=1.5
Figure 9. Bifurcation diagram of subcritical and supercritical solutions, containing infinitely many
turning points, and infinitely many resonant solutions. In all cases, 8 = —0.35.
x10° x10°
10 10
9 9
6 6 >
—~ 7 —~ 7 <
[¢)) (]
+ o + °
—i — q
~ 5 ~ 5
~ ~ >
(79} < (79} b
at 4
> [
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3r ~— 3 [ ——
] <
<> <>
2r —_—t 2 P b
_— —_—
— ———
3000 -1000 0 1000 ~{o00 0 1000 2000
A-O A-O
1 1

Figure 10. a = 0.5.

0
(H7) The partial derivative g4(-,-) € C(9Q x R) (where gs := 8—9), gs(-,+,0) = 0, and
s
there exist Fy € L"(09Q), with r > N — 1, and p > 1, such that

l9(z,5) |—|igs(x,s)| < Fi(x) as A — o,
s

for x € 092 and s < ¢ small enough.
Throughout this section, by solutions to (1.1) we mean elements v € H*({2) such that
the weak formulation (10) holds. As proven in Proposition 2.3, all such solutions are

in the Holder space C?(Q), for some 3 > 0. Moreover, there exists a connected set of
positive solutions of (2) known as a branch bifurcating from zero (cf. Theorem 7.1). We
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denote it by C* C R x C(Q2), and recall that for (\,uy) € CT

u=s®; +w, with w=o0(|s|]) and |01 —A =0(1) as|s|—0.

Our goal is to give conditions on the nonlinear oscillatory term g that guarantee the
existence of sequences accumulating to zero of subcritical solutions (i.e., for values of the
parameter A < o1), supercritical solutions (i.e., for A > o01), resonant solutions (i.e., for
A = 01), and turning points (see Definition 1.1 for a definition of turning point).

Our main result, Theorem 7.4 below, is exemplified by the case in which g is given by
(122). In fact, we have:

Theorem 7.3. Assume that g is given by (122) with 8 < 0. If

|C] < 1, and o+ B> 1,

then in any neighborhood of the bifurcation point (01,0) in R x C(Q), the branch C*
of positive solutions of (2) contains a sequence of subcritical solutions, a sequence of
supercritical solutions, a sequence of turning points, and a sequence of resonant solutions.

The proof of this Theorem follows directly from Theorem 7.4.
Theorem 7.4. Assume the nonlinearity g satisfies hypothesis (H5), (H6) and (H7).

Let G : R x C(2) — R be defined by

Gu) == /a ugl, ) pita (123)

Q |ultte !

If there emwist sequences {sp}, {sh,}, converging to 0, such that

lim G(s,®1) <0< hr—? G(sn,P1), (124)
n—-—+0o0

n—-+oo
then
(i) For sufficiently large n > 1, if (A, u) is a solution of (2) with

Jog u®1
P(u) := =%— = sy,
Joo @1

then (A, u) is subcritical. Similarly, if P(u) = s, then (A, u) is supercritical. Con-
sequently, there exist two sequences of solutions of (2), {(An,un)} and {(N,,ul)},
converging to (01,0) as n — oo, one of them subcritical, A, < o1, and the other
supercritical, X, > o71.

(i1) There is a sequence converging to zero of turning points {(\%,u*)} such that

b — o1, llun | Lo (902) = O, as n — .

In fact, we can always choose two subsequences of turning points, one of them
subcritical, N5, 1 < 01, and the other supercritical, A5, > o1.
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(iii) There is a sequence converging to zero of resonant solutions, i.e., there are infinitely
many solutions {(o1,un)} of (2) with ||Un| 1 @q) — 0.

The behavior of positive solutions to (2) bifurcating from (o1,0) described in Theorems
7.3 and 7.4 is similar to that of the solutions bifurcating from (o1, 00) for the sublinear
problem (cf. [9] for details).

The complex nature of the nonlinearity in (122) makes an exhaustive analysis of the
global bifurcation diagram outside the scope of this work.

In [25] the author considers the case o = 1, 5 = 1. He assumes either N =1 or {2 to be
a ball, and the nonlinearity to be bounded by a constant small enough. He obtains what
he calls an oscillatory bifurcation. We refer the reader to [20], [21] for related problems
with nonlinear boundary conditions.

7.18. Subcritical, supercritical and resonant solutions near zero

In this section we give sufficient conditions for the existence of a branch of solutions to
(2) bifurcating from zero which is neither subcritical (A < o1), nor supercritical, (A < o1).
From this, we conclude the existence of infinitely many turning points (see Definition 1.1)
and an infinite number of solutions for the resonant problem, i.e., for A = ;. This is
achieved in Theorem 7.4

At this step, we analyze when the parameter may cross the first Steklov eigenvalue. To
do that, we look at the asymptotic growth rate of the nonlinear term

L P Sg(',S) 1+a
G+ = /asz llinlélf BED i (125)

for a > 1. Changing lim inf by lim sup, we define the number G+ . If G+ > 0, then C*
is subcritical, and if G+ < 0, then C7T is supercritical in a neighborhood of (oy,0).
See [8, Theorems 3.4and 3.5] for the bifurcation from infinity case. In this Section we
consider nonlinearities for which

Go+ <0< G-

We shall argue as in [9] for the bifurcation from infinity case. To determine whether a
sequence of solutions (\,,u,) is subcritical or supercritical, one must check the sign of

lim inf G(uy) and limsup G(uy,), (126)

n—oo n—oo

where G is defined by (123). This is done in Lemma 7.7.
In Proposition 7.6, it is proved that when g is such that

lg(z,s)] = O(|s]*) as |s| — 0 for some a > 1,
then the solutions in CT can be described as

Uy, = 8, P1 + Wi, where / w,®; =0 and wy, = O(]sn]®) as n — 0.
90
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We unveil the signs of the expressions in (126) by just looking at the signs of the expres-
sions in (126) at A, = o1 and u, = s, P1. This is achieved in Lemma 7.8.

For this we first consider a family of linear Steklov problems with a variable nonhomo-
geneous term at the boundary h depending on the parameter A

{ —Aut+u = 0, in Q,
ou (127)
Fell Au+ h(x), on 09,

where h € L"(0Q), r > N — 1 and X € (—o00,02).

We use the decomposition

L"(02) = span[®;] @ span[®]*, where span[®;]* := {u e L"(09) : / udy = O} .
X9)

For h € L™ (0R), with » > N — 1, we write

h®
h = al@l + hl, with a; = “[89721, / hl(I)l =0. (128)
fasz P o0

For A # o1 the solution u = u(X) of (127) has a unique decomposition

ai

u =

®; +w, where / wdy =0, (129)
o1 — A 09

and w = w(\) € span[®]+ solves the problem

—Aw+w = 0, in Q,
130
ow = Aw+ hy(x), on 9. (130)
on

Note that in (130) w(\) € span[®1]* is also well defined for A = 1. Moreover, we have:

Lemma 7.5. For each compact set K C (—00,02) C R there exists a constant C = C(K),
independent of \, such that

lw(M)[L=o0) < CllhillLroa) for any A€ K,
where w € span[®1]* is the solution of (130) and hy € span|[®1]* is defined in (128).

Proof. See Lemma 3.1 of [9]. v

Now we turn our attention to the nonlinear problem (2). Recall that for solutions (A, u)
close to the bifurcation point (o1, 0) we have

u=sP; +w, where w = o(s), w € span[®;]* as s — 0. (131)
We define I o
u P

P(u) = 292, (132)
Joo @1
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Next, we give sufficient conditions on the nonlinear term g in (2), for w = O(|s|*) as
s — 0 (see (131)). We restrict ourselves below to the branch of positive solutions; a
completely analogous result holds for the branch of negative solutions. The following
Proposition is essentially Proposition 3.2 in [9] rewritten for s — 0. See [13, Proposition
2.2] for a proof.

Proposition 7.6. Assume g satisfies hypotheses (H5), (H6) and (H7).

Then, there erists an open set O C R x C(Q) of the form O = {(\u) : |A — 01| <
00, |lull L) < so} for some do and sg, such that

(i) There exists a constant Cy independent of X such that, if (A\,u) € Ct N O and
(A, u) # (01,0), then u = s®; +w, where s > 0, w € span|[®;]* and

[wllL=o0) < CillGillLr @) ls|*, as [s] = 0;

(ii) there exists a constant Sy > 0 such that for all |s| < Sp there exists (A, u) €
Ct N O satisfying u = s®; + w, with w € span|[®;]*+.

(iii) Moreover, for any (\,u) € Ct N O, u = s®1 +w, with w € span[®1]~,
log — A| < Cyos|*7, as |s| — 0,
with Cy independent of \; in fact,
2|G
Cy — | 1HL1(26£2)'
Joo ®1

Our next Lemma is essentially Lemma 3.1 in [8] rewritten for s — 0. It allows us to
estimate o1 — A, as \,, converges o1. See [13, Lemma 2.2] for a proof.

Lemma 7.7. Assume the nonlinearity g satisfies hypotheses (H5), (H6) and (HT).

Let (An,un) be a sequence of solutions of (2) with A, — o1 and ||un|p@q) — 0. If
U, > 0, then

e

1
< liminf G(up) (133)
Joo @12 Joq @12 ne
e 01— Ap ) 01— A\
< liminf ———=—— <limsup — (134)
e H“nHLw(aQ) n—oo ||un||LOO(8Q)
1 Go+
< ——— limsup G(uy) < ——.
fasz 1?2 neo fasz ®,?

A similar statement is obtained for the case u, < 0, just changing Gg+ by G- and G+
by Co— .
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Let {s,} and {s}} satisfy

—o0 < lim G(s,®1) <0< lim G(s,P1) < oo. (135)

n—-+o0o n—-+o0o

In order to prove Theorem 7.4, we show that the signs in (126) can be deduced from
those of (135). This is stated in the following result. See [13, Lemma 2.4] for a proof.

Lemma 7.8. Assume that g satisfies hypotheses (H5), (H6) and (HT).

If (Any5n) = (01,0) and there exists a constant C' such that ||wy| L= @0) < C|sa|* for
all n — 0, then

liminf G(s,®1 + wy,) > liminf G(s,P1),

n—-4o0o n—-4o0o
where G is given by (123). Similarly,

limsup G(s,P1 + wy) < limsup G(s,P1).

n—-+o0o n—-+oo

Remark 7.9. With respect to the stability of the solutions, let us recall Remark 4.1.

7.19. Two examples
Resonant solutions for an oscillatory nonlinearity

Let us consider the oscillatory nonlinearity given by equation (122). In Theorem 7.1 it
is proved that if & > 1, for any 8§ € R, and C' € R, there is an unbounded branch of
positive solutions. Assume from now that 5 < 0.

Taking |C| < 1, it is not difficult to see that
ug(z) := [asin(—C) + kx]/ P, (z), k>0,

defines a sequence of resonant solutions to (2) such that ug(z) — 0 as k — oc.

A one dimensional example

Now we consider the onedimensional version of (2).

Fix now
g(s) = s® sin(s”) for any a > 1, 5 < 0.

From definition (125) we can write

Gy = / lim inf Sgl(f) q>1+a:/ liminf sin(s?) <1>1+a:—/ pl+e <,
aq s—0t [s|tte on s—0t o9

Gor = / lim sup Sgl(f) <I>1+O‘:/ limsup sin(s”) <I>1+°‘:/ plte > 0,
oq soot S|t 890 s—0+ a9

and then Gy <0 < Go+.

Vol. 30, No. 2, 2012]



220 R. PARDO

Moreover, by looking in (37) at the values of s € R such that A(s) = oy, it is easy to
check that (o1, uy) is a solution for any k € Z, where

km 1/8
ug(z) == 7(64)_1 (em—|—el_m),

i.e., there is a sequence of solutions of the resonant problem converging to zero (see Fig.
11).

x 10

LINRIAVAY

5
3

0
5 -5
3

0
—_ x 10~
A o,

0
—_ x 10~
A o,

Figure 11. a =14, 8 = —0.3 and 8 = —0.5.

Moreover, computing in (37) the local maxima and minima of A(s) it is not difficult to
check that (A}, u}) is a sequence of turning points converging to zero, where

A =01 — téail)/ﬁ sin(tg), up(z) == tkl/ﬁ(e”” +el™),

and where ¢ is such that

B

tan(tk) = _a—l

t, ty € [-7/2+ km,w/2 + knl,

with t; — 0o and £,/ — 0 as k — oo, thanks to 8 < 0.

Let us observe that the bifurcation from zero phenomena occurs whenever a > 1 for any
B, and that whenever o + 8 < 1 the number of oscillations grows up quicker than the
number of oscillations of multiples of the eigenfunction and can not be controlled (let us
compare Fig. 11 left and right).
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8. The tangential variation of a localized flux-type eigenvalue pro-
blem

In this Section we present (without proof) a formula for the derivative of the principal
eigenvalue o = o1 (I") to the localized Steklov problem

—Au+gqlx)u = 0, x € Q,
o (136)
= oxr(x)u, x € 09,

where Q C RY is a class C® bounded domain with boundary 9Q and outer unit normal
field n = n(z), T’ C 02 is a smooth subdomain of 90 and xr is its characteristic function
relative to 02, (xr = 1ifz €T, xp =0 for z € 9N\ I'). We obtain an explicit formula
for the derivative of o1 (T") with respect to I'. The lack of regularity up to the boundary
of the first derivative of the principal eigenfunctions is a further intrinsic feature of the
problem. Therefore, the whole analysis must be done in the weak sense of H!(). The
study is of interest in mathematical models in morphogenesis.

Throughout this Section, it will be always assumed that I' is a subdomain (an open
connected set) so that I' = T' U dI' defines a class C® closed submanifold of 99 with
boundary OI'. We will refer to this requirement of the flux region I' in the sequel by
saying that T" is a smooth subdomain of 0X). In addition, the potential term ¢ will be
supposed C'!' up to the boundary, i.e., ¢ € C*(9Q).

The main objective of this Section is to show that the principal eigenvalue to problem
(136) varies in a smooth way when the flow region I' is “tangentially” deformed according
to a broad class of regular perturbations (cf. [29, Section 3] for precise definitions).
Furthermore, an explicit formula for the variation of such eigenvalue with respect to I'
is obtained (Theorem 8.1). Accordingly, the perturbation problem addressed here falls
in the realm of “variation of domains”, a field with long tradition in the theory of linear
and nonlinear eigenvalue problems (cf. the specific monography [22] on the subject, [33]
and [27] together with its references).

Problem (136) can be observed as a Steklov problem where the flux through the boundary
is restricted, by means of the weight function xr, to a specific zone T" of 9Q (cf. [7]
and [20] for related Steklov problems). Our main interest will be focused on principal
eigenvalues. By a principal eigenvalue to (136) it is understood an eigenvalue o with a
positive associated eigenfunction ®. It can be shown that (136) admits an eigenvalue
exhibiting that property if and only if the first eigenvalue of the mixed problem

_A¢ + q(b = V(bv YIS Qa
o6 ~
% = O, x € 092 \ F,

is positive. Moreover, there only exists a unique principal eigenvalue o;.

The principal eigenvalue plays a crucial role when one deals with natural perturbations
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of (136), and the interest is put in positive solutions. Specifically, consider the problem

—“Au+qx)u = f(z,u), x € Q,
o (138)
= xr(z)(ou + g(z,u)), T € 09,

where f: Q xR — R and g : 9Q x R — R define certain volumetric and surface reaction
terms, respectively. Assume that f(z,u) = ufi(z,u), g(x,u) = ugi(z,u) with both f;
and g7 continuously differentiable and satisfying fi(z,0) = g1(2,0) = 0 in Q. Then,
problem (138) can be regarded as a model for a chemical reactor 2 where the species u is
consumed in a rate —q+ f; meanwhile it is pumped into the reactor with a flux-intensity
o through the window I' in the boundary 0Q (cf. [18] for related ideas). In fact, a
positive solution u to (138) —if such a solution exists— provides the equilibrium regime of
production for such a substance u. In other words, a positive stationary solution to the
reaction-diffusion equation

@—Au—l—q(x)u = f(z,u), e, t>0,
ot
) (139)
u
5 xr(z)(ou + g(z,u)), x € 0N,

Suppose now that both f; and g; are decreasing. A simple computation reveals that a
necessary condition for the existence of such a positive solution is that the intensity o be
greater than o;. Furthermore, ¢ > o7 turns out to be also a sufficient condition for the
existence of a unique positive equilibrium, provided f;(z,u) = —o0, gi(x,u) = —oo as
u — oo (cf. [20] for precise details together with further configurations for the reaction
terms f and g). This means that the system requires a large enough flux intensity o
through the “localized zone” I" to sustain a stable regime. The critical value of ¢ is just
provided by ;1. On the other hand, ¢ = o; constitutes a bifurcation value, either from
zero or infinity, for positive solutions of (138) if suitable structure conditions are satisfied
by the nonlinearities f and g (cf. [7, 8] and complementary multiplicity results in [9]).

In [16] authors presented a reaction-diffusion model for patterning of limb cartilage devel-
opment, a paramount problem in embryology ([28]). They considered a growing domain
modeling the limb bud (the reactor 2), and developed a numerical scheme that incorpo-
rated the interactions between two distinguished reactants w1, us located in very specific
zones 'y, T'a of the boundary 9. The relevance of such substances w; (called mor-
phogens) and the prominent role of the flux regions I'; has been largely supported by a
strong experimental evidence ([32], [34]). Experiments also suggests that the pattern-
formation seems to be driven by the mutual regulation of the fluxes of u; through the
zones I';.

Inspired in [16], the present section analyzes the phenomenology of the flux zones from
an alternative point of view. Since o7 measures the threshold value of ¢ in order that
(138) exhibits a positive solution, a special emphasis should be put on how does o1 varies
with I'. Therefore, the “size” of the region I' C 02 will be regarded here as a parameter
in the sense that the whole of I" will be subject to tangential deformations. Our main
purpose will be then to study the corresponding variations of o1, as direct response to
such perturbation.
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Another key feature of problem (136) is the lack of regularity exhibited by the eigenfunc-
tions associated to the principal eigenvalue ;. In fact, such eigenfunctions fails to be
of class C! up to the boundary [29, Section 2, Theorem 2.1]). This singular behavior is
caused by the discontinuity of the coefficient xr through the interphase 9T (the bound-
ary of 9T in 9Q). As a direct consequence of this fact, the full analysis of existence of
a principal eigenvalue to (136), and its properties of continuity and differentiability with
respect I', must be necessarily performed in the “weak” framework of H(Q).

8.20. The first variation of 01 on smooth domains

The objective of this section is showing a formula for the derivative of the principal
eigenvalue o = o1 (t) to problem

—Av+q(y)v = 0, y€Q,
ov (140)
o oxr, (y)v, y € 0.

We introduce the notion of tangential deformation of the flux region I' C 2.

We are considering a class C? vector field V : 9Q — RY which is tangent to 9Q at
every point. Recall that  C RY is assumed to be a class C2 bounded domain. Hence,
the field V' can be extended as a smooth field on the whole R in such a way that
V e L (RN, RY).

Associated to the field V we set h : R x 90 — 0f) the flow generated by V. Namely, for
xo € 08, x(t) = h(t,zo) stands for the solution to the initial value problem

dz
E = V(‘T)u
z(0) = xo.

Ty is designating the perturbation at time ¢ of a smooth subdomain I" C 0€2, through the
flow h = h(t,z) of a class C? tangential field V on 9.

The formula for the derivative is obtained in next result (see the following Theorem).
We do not include its proof, which is beyond the scope of this work (cf. [29] for detailed
proofs).

Theorem 8.1. Let T =T UOl C 90, T # 09, be a smooth and connected N — 1-
dimensional manifold with boundary OT, while V : 0Q — RYN is a smooth tangent vector
field to 02 with associated flow h : R x 02 — 0S). Setting

I'y={y=nh(tzx):zel},

consider the eigenvalue problem (140) and assume that v1(T) > 0.

Assume in addition that Q is C*°, g € C*° () and that none of the Neumann eigenvalues
of —A + q in Q vanishes. Then, the derivative of the principal eigenvalue o1(t) to (140)
is given by the expression

dO’l

ey~ 0 /ar ©1(0)*(V,nor) dAar, (141)
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where ngr stands for the outer unit normal field to O relative to T', dAgr is the volume
element of OT' and ®1(0) stands for the normalized positive eigenfunction associated to

0'1(0).

Bibliographical Notes

Section 2 on bifurcation from infinity is contained in [7]. Specifically, Proposition 2.3
on Holder regularity of the solutions is proved in [7, Proposition 2.3]. Theorem 2.7 on
existence of bounded solutions is proved in [7, Theorem 2.7]. Theorem 2.10 on bifurcation
from infinity is proved in [7, Theorem 3.3]. Theorem 2.11 on bifurcation from infinity
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determine whether a sequence of solutions lies at one side or another of o;. Theorem 2.14
on bifurcation from the first eigenvalue is proved in |7, Theorem 4.3]. Finally, Theorem
2.16 on bifurcation from higher eigenvalues is [7, Theorem 4.5].

Section 3 on the Anti-Maximum Principle and a uniform Anti-Maximum Principle is
essentially contained in [7, Sections 5 and 6] and in [8, Appendix] respectively. Theorem
3.1 and Theorem 3.4 are [7, Theorem 6.1] and in [8, Theorem A.3] respectively

Section 4 on the stability analysis of the solutions is essentially contained in [7, Section
7] and in [8]. Theorem 4.5 on the stability of the solutions in the bifurcated from infinity
branch is proved in [8, Theorem 3.4]. In [7] a preliminary result of Theorem 4.5 was proved
in Proposition 7.1. Theorem 4.6 on the instability of the solutions in the bifurcated from
infinity branch is proved in [8, Theorem 3.5]. A preliminary result of Theorem 4.6 was
obtained in |7, Proposition 7.3].

Section 5 on turning points and the resonant case is mostly developed in [9]. Theorem
5.1 on Landesman—Lazer type conditions is proved in Theorem 5.1 of [7]. Proposition 5.4
is proved in [9, Proposition 3.2]. Lemma 5.5 is proved in [9, Lemma 3.3], and Theorem
5.6 on the existence of infinitely many resonant solutions and infinitely many turning
points is proved in [9, Theorem 3.4].

Section 6 on stability switches is developed in [11].

Section 7 on bifurcation from the trivial solution set is essentially written in [12]. Theorem
7.1is [7, Theorem] , and Theorem 7.3 and Theorem 7.4 are [12, Theorem 1.2 and Theorem
1.3], respectively.

Section 8 on the derivative of a localized Steklov eigenvalue with respect to tangential
variations of the subset of the boundary is entirely contained in [29].
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